ON THE BEHAVIOR AT COLLISIONS OF SOLUTIONS TO SCHRODINGER 
EQUATIONS WITH MANY-PARTICLE AND CYLINDRICAL POTENTIALS 

VERONICA FELLI, ALBERTO FERRERO, AND SUSANNA TERRACINI 

Abstract. The asymptotic behavior of solutions to Schrodinger equations with singular ho- 
mogeneous potentials is investigated. Through an Almgren type monotonicity formula and 
separation of variables, we describe the exact asymptotics near the singularity of solutions to 
at most critical semilinear elliptic equations with cylindrical and quantum multi-body singular 
potentials. Furthermore, by an iterative Brezis-Kato procedure, pointwise upper estimate are 
derived. 



1. Introduction 

The purpose of the present paper is to describe the behavior of sohitions to a class of Schrodinger 
equations with singular homogeneous potentials including cylindrical and quantum multi-body 
ones. 

The interaction between Af particles of coordinates y^, - ■ ■ ,y^' in M*^ is described in classical 
mechanics by potentials of the form 

M 
j,m=l 

j<m 

where Vj^m{y) — >■ as \y\ — >■ -l-oo, see [55]. From the mathematical point of view, a particular inter- 
est arises in the case of inverse square potentials Vj^m (y) = ^\y\T , since they have the same order 
of homogeneity as the laplacian thus making the corresponding Schrodinger operator invariant by 
scaling. Schrodinger equations with the resulting Af-body potential 

have been studied by several authors; we mention in particular |27j where many-particle Hardy 
inequalities are proved and [H] where the existence of ground state solutions for semilinear 
Schrodinger equations with potentials of type ^ is investigated. It is worth pointing out that 
hamiltonians with singular potentials having the same homogeneity as the operator arise in rela- 
tivistic quantum mechanics, see |31) . 

There is a natural relation between 2-particle potentials ([1]) and cylindrical potentials, whose 
singular set is some fc-codimensional subspace of the configuration space. Indeed, in the special 
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p2fc 



case M = 2, after the change of variables in 
(2) zi = -^(yi-y2), 

the potential V{y^,y'^) = i ^l^^yA takes the form 



2\ 



(3) 



yi-j/2|- 

A1A2 



2|zi 



Elliptic equations with cylindrical inverse square potentials arise in several fields of applications, 
e.g. in the search for solitary waves with no vanishing angular momentum of nonlinear evolution 
equations of Schrodinger and Klein-Gordon type, see In the recent literature, many papers have 
been devoted to the study of semilinear elliptic equations with cylindrical potentials; we mention 
among others [31 SI [SJ [311 133 . We point out that cylindrical type (and a fortiori many-particle) 
potentials give rise to substantially major difficulties with respect to the case of an isolated sin- 
gularity, because in the cylindrical/many-particle case separation of variables (radial and angular) 
does not actually "eliminate" the singularity, being the angular part of the operator also singular. 

We consider both linear and semilinear Schrodinger equations with singular homogeneous po- 
tentials belonging to a class including as particular cases both ([T]) and ([3]). For every 3 ^ k ^ N, 
let us define the sets 

■Ak := { J C {1, 2, . . . , N} such that # J = k} 

and 

Bk ■■= {( Ji, J2) e Ak X Ak such that Ji n J2 = and Ji < J2} 

where #J stands for the cardinality of J and Ji < J2 stands for the "alphabetic ordering" for 
multi- indices (see the list of notations at the end of this section) . 

In the sequel, for every x = {xi,X2, . . . ,xn) € and J E Ak, we denote as xj the fc-uple 
{xi)i^j so that Ixjp = J^i^j^i- III ^ similar way, for any x G \ {0} and J £ Ak we write 
9j = f4. Moreover we denote 

\x\ 

(4) E ■.={{61, . . . , 6'Ar) e : 61.7 = for some J e Ak} 

U {(6*1, ...,0N)e S'^-^ : 9 J, = 6.,^ for some ( Ji, J2) € Bk} 

and 

(5) E = {xeM^\{0}:a;/|a;| eI]}U{0}. 
The potentials we are going to consider arc of the type 

(6) v{x)=Y,^^+ I ""^"^ 12 ^ forallxeR^\E, 

where aj^aj-^j^ e R. We notice that Bk is empty whenever k > in such a case we consider 
potentials V with only the cylindrical part, i.e. with only the first summation at right hand side 
of®. 

Letting, for all 9 e S^-^ \ S, 
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we can write the potential V in (|6]) as 
and the associated hamiltonian as 

r — -A — 



As a natural setting to study the properties of operators Ca, we introduce the functional space 
I?i'^(M^) defined as the completion of C^(R^) with respect to the Dirichlet norm 



||w||i?i.2(R«) := f / \Vu{x)\'^ dx] . 



The potential in ([6]) satisfies a Hardy type inequality. Indeed, it was proved in [33] (see also [5] 
and [Sni) that the following Hardy's inequality for cylindrically singular potentials holds: 

(8) f^T/ ^-^dx^ [ \yuix)\'dx 



for all u € I'"'^'^(M^) and J G Ak, being the constant (^^)^ optimal. Using a change of variables 
of type , from ([5]) it follows the "two-particle Hardy inequality" : 

(9) — / ' ^ ^' ^ / \Vu{x)\^dx 



N \XJ^ - XjJ^ 



R" 



for all u e pi'^^jjW) and (Ji, J2) € Bk, being the constant ^^-^ optimal. From dH]) and dH) we 
deduce that the potential in (|6]) satisfies the following "many-particle Hardy inequality" : 



(10) 



k - 2^^ 



/ Vix)\u{x)\' dx ^ ( J2 aj + I \^<^)?dx 



for all u G 2?^'^(R^), where aj = max{aj,0} and oi\j^ = maxjaj^j^ , 0}. We refer to [27] for a 
deep analysis of many-particle Hardy inequalities and related best constants. 

In order to discuss the positivity properties of the Schrodinger operator Ca in I?^'^(R^), we 
consider the best constant in the Hardy- type inequality (|10p . i.e. 



(11) A(a) := sup 



|a;| '^a{x/\x\)u'^{x)dx 



«epi,2(R«)\{o} / \yu{x)\^dx 



By (Uni), A(a) ^ jk=i)^iT.jeAk + T.{j,,j^)^b,, "JiJs)- I* ^^^^^ *° ^^^^^ ^^^^ quadratic 
form associated to Ca is positive definite in ^'-'^'^(R^) if and only if 

(12) A(a) < 1. 

The relation between the value A(a) and the first eigenvalue of the angular component of the 
operator on the unit {N — l)-dimensional sphere §^~^ is discussed in Lemma 12.31 More precisely, 
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Lemma 12.31 ensures that the quadratic form associated to da is positive definite if and only if 

Ml (a) > 



where \x\(a) is the first eigenvalue of the operator La := — Agw-i — a on the sphere §^"^ The 
spectrum of the angular operator La is discrete and consists in a nondecreasing sequence of eigen- 
values 

Mi(a) ^ /X2(a) ^ • • • ^ /Xfe(a) ^ • • • 
diverging to +oo, see Lemma [2.21 

We study nonlinear equations obtained as perturbations of the operator Ha in a bounded domain 
17 C containing the origin. More precisely, wc deal with scmilinear equations of the type 

(13) CaU ^ h{x) u + f{x,u), in Q, . 

We assume that the linear perturbing potential h is negligible with respect to the potential V near 
the collision singular set E defined in ([5]), in the sense that there exist Ch > and e > such that, 
for a.e. x G 

(H) /iG <„f and \hix)\ + \V h{x) ■ x\ ^ cJ l^A'^^" + E l^Ji-^jJ''"" 

We notice that it is not restrictive to assume e G (0, 1) in (|H| . 

As far as the nonlinear perturbation is concerned, we assume that / satisfies 
(F) 

J/ec°(r2xR), Fec^nxR), s>-^ f{x,s) <e c\m.) ioi a.e. x en, 

\ \ f{x,s)s\ + \f',{x,s)s^\ + \Va^F{x,s) -xl s; C/(|.s|2 + |.s|2*) for a.e. x e n and ah s e R, 

where F{x,s) = f{x,t) dt, 2* — is the critical Sobolcv exponent, C/ > is a constant 

independent of a; e 51 and s G R, V xF denotes the gradient of F with respect to the x variable, 
and f',{x,s) = ^^{x,s). 

We say that a function u e H^{VL) is a iJ^(17)-wcak solution to (|T3)) if, for all w E i7o(il), 

Qa(u,w) = / h{x)u(x)'w{x) dx + / f{x,u{x))w{x)dx, 
Jn Jn 

where : H\n) x H^(n) ^ R is defined by 

Qa{u,w) :^ [ Wu{x) ■ Ww{x) dx — [ ^ u{x)w{x) dx. 

Jn Jn kr 

Schrodinger equations with inverse square homogeneous singular potentials can be regarded 

as critical from the mathematical point of view, as they do not belong to the Kato class. A 

rich literature deals with such critical equations, both in the case of one isolated pole, see e.g. 

[H [Ml US SOI im, and in that of muUiple singularities, see [3 [H [HI [H . The analysis 

of fundamental spectral properties such as essential self-adjointness and positivity carried out in 

[TOl [H] for Schrodinger operators with isolated inverse square singularities, highlighted how the 

asymptotic behavior of solutions to associated elliptic equations near the singularity plays a crucial 

role. A precise evaluation of the asymptotics of solutions turned out to be an important tool also 

to establish existence of ground states for nonlinear Schrodinger equations with multi-singular 
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Hardy potentials (see [23]) and of solutions to nonlinear systems of Schrodinger equations with 
Hardy potentials [1] . A first result about the study of the asymptotic behavior of solutions near 
isolated singularities is contained in [55] , where Holder continuity of solutions to degenerate elliptic 
equations with singular weights has been established thus allowing the evaluation of the exact 
asymptotic behavior of solutions to Schrodinger equations with Hardy potentials near the pole. An 
extension to the case of Schrodinger equations with dipole-type potentials (namely purely angular 
multiples of inverse square potentials) has been obtained in |20| by separation of variables and 
comparison principles, and later generalized to Schrodinger equations with singular homogeneous 
electromagnetic potentials of Aharonov-Bohm type |17j by the Almgren monotonicity formula. 
Comparison and maximum principles play a crucial role also in j37j . where the existence of the 
limit at the singularity of any quotient of two positive solutions to Fuchsian type elliptic equations 
is proved. We mention that related asymptotic expansions near singularities were obtained in 
[Ml [55] for elliptic equations on manifolds with conical singularities by Mcllin transform methods 
(see also |30| ) : we refer to |18j for a comparison between such results and asymptotics via Almgren 
monotonicity methods. It is also worth citing [3], where some asymptotic formulas are heuristically 
obtained for the three-body one-dimensional problem. 

Due to the presence of multiple collisions, one should expect that solutions to equations (|T3)) 
behave singularly at the origin: our purpose is to describe the rate and the shape of the singularity 
of solutions, by relating them to the eigenvalues and the eigenfunctions of the angular operator La 
on the sphere 

The following theorem provides a classification of the behavior of any solution u to near 
the singularity based on the limit as r — > 0^ of the Almgren's frequency function (see [51 126] ) 

r/j (|V«(x)P-2Mfll„2(i)-kWa^W-/(i.«W))<ii 

•^-'"'<^' ^ UM^Wi-s • 

where, for any r > 0, B,, denotes the ball {x £ : |.t| < r}. 

Theorem 1.1. Let u ^ be a nontrivial weak H^{il) -solution to Iil3\) in a bounded open set 

f2 C M.^ containing 0, N ^ k ^ 3, with a satisfying ^ and US^). h satisfying (|H)) . and f 

satisfying IfJ. Then, letting J\fu.hj{r) as in (jl4[) . there exists fcg G N, fco 1; such that 



N-2 




(15) \im^Afu,hj{r) — + \l [ ) + fiM- 

Furthermore, if 7 denotes the limit in il5]) . m ^ I is the multiplicity of the eigenvalue fika (1) o-nd 
{V'i • Jo ^ * ^ Jo + m — 1} (jo ^ fco ^ jo + ni — ^) is an L^ {§^~^)-orthonormal basis for the 
eigenspace associated to /^^^(a), then 

jo+m-l , , 

(16) A-'^m(Ax) ^ \xy ^ p,,^, f 1^ J in H\Bi) as X ^ 0+ 

where 

(17) A 



h(s0)u(s0) + f(se,u(se)) / , 57+w-i 

^ ^ ' 27 + - 2 V I 



MS)dS{9), 



for allR>0 such that^ ^ {x G : \x\ sC i?} C f7 and {/3j„, l3j„+i, . . . ,/3j„+m-i) 7^ (0, 0, . . . , 0). 
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Due to the homogeneity of the potentials, Schrodinger operators Ca are invariant by the Kelvin 
transform, 



which is an isomorphism of V^-'^iM.^). Indeed, if u S H^{Vl) weakly solves (fT3|) in a bounded open 
set SI containing 0, then its Kelvin's transform u weakly solves (fTB]) with h replaced by 

and /(a;, •) replaced by |a;|"^^^/( -p^, |a;|^^^-) in the external domain 17 = {x G : x/|a;p e fi}. 
Therefore, under suitable decay conditions on at oo and proper subcriticality assumptions on /, 
the asymptotic behavior at infinity of solutions to (|13p in external domains can be easily deduced 
from Theorem 11.11 and the Kelvin transform (see [17j Theorems 1.4 and 1.6]). 

A major breakthrough in the description of the singularity of solutions at zero can be done by 
evaluating the behavior of eigenfunctions ipi ; indeed such eigenfunctions solve an elliptic equation 
on exhibiting itself a potential which is singular on E. After a stereographic projection of 

S^"-'^ onto M^"^, the equation satisfied by each -tpi takes a form which is similar to (|T3|) in a lowered 
dimension with a potential whose singular set is (iV — 1 — fc)— dimensional and to which we can apply 
the above theorem to deduce a precise asymptotics in terms of eigenvalues and eigenfunctions of an 
operator on §^~^; the procedure can be iterated (iV — A;)— times until we come to an equation with 
a potential with isolated singularities whose corresponding angular operator is no more singular. 
A detailed analysis of the asymptotic behavior of eigenfunctions is performed in section [T] 

A pointwise upper estimate on the behavior of solutions can be derived by a Brezis-Kato type 
iteration argument, see [8|. More precisely, we can estimate the solutions by terms of the first 
eigenvalue and eigenfunction of the angular potential a obtained by summing up only the positive 
contributions of a, i.e. 

Under the assumption 

(19) A(a) = sup ^ — 1„ I , < 1, 

by Lemma 12.31 the number 

(20) 

is well defined. We denote as i/'i e H'^{^^^^), ||V'i||L2(siv-i-) = 1, the first positive L^— normalized 
eigcnfuntion of the eigenvalue problem LaV-" = Mi(^)^ i'^i 

Theorem 1.2. Let u he a weak (Jl) -solution to in a hounded open set Q, C containing 
0, N ^ k ^ 3, with a satisfying ^ and a as in il8\) satisfying il9\) . If h satisfies (|H|) and f 
satisfies jF]), then for any ft' ^ fl there exists C > such that 




\u(x)\ ^ CbrV^i f ^) for a.e. x e Q' . 
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In particular, if all aj,ajjj2 are positive, then d = a and the above theorem ensures that all 

solutions are pointwise bounded by |a;|''f/'i(2^/kl) where a = —^^y^ + [(^^^2^)^ + /^i(a)]^''^- On 
the other hand, if all aj,aj-^j^ are negative, then a = and the above theorem implies that all 
solutions are bounded. 

The paper is organized as follows. In section [2] we prove some Hardy- type inequalities with 
singular potentials of type ([6]) and discuss the relation between the positivity of the quadratic form 
associated to Ca and the first eigenvalue of the angular operator on the sphere §^~^. In section|3]we 
derive a Pohozaev-type identity for solutions to (|13p through a suitable approximating procedure 
which allows getting rid of the singularity of the angular potential. In Section|3]we deduce a Brezis- 
Kato estimate to prove an a-priori super-critical summability of solutions to (jl3|) which allows us 
to include the critical growth case in the Almgren type monotonicity formula which is obtained in 
Section [5] and which is used in section |6] together with a blow-up method to prove Theorem 11.11 
Section [7] is devoted to the study of the asymptotic behavior of the eigcnfunctions of the angular 
operator. Section [S] contains some Brezis-Kato estimates in weighted Sobolev spaces which allow 
proving Theorem 11.21 A final appendix contains a Pohozaev-type identity for semilinear elliptic 
equations with an anisotropic inverse-square potential with a bounded angular coefficient. 

Notation. We list below some notation used throughout the paper. 

- For all r > 0, Br denotes the ball {x S : |a;| < r} in M.^ with center at and radius r. 

- For all r > 0, Br = {x G : \x\ ^ r} denotes the closure of Br- 

- dS denotes the volume element on the spheres dBr, r > 0. 

- If Ji = . . . , ji,fe} and J2 = {^2,1, ■ • ■ , J2,A;} are two multi-indices of k elements, by 
Ji < J2 we mean that there exists n € {1, . . . , fc} such that ji^i = j2,i for any 1 ^ i ^ n~ 1 
and ji,„ < j2ji- 

- For all <: e M, f+ = := max{t, 0} (respectively = t- max{— i, 0}) denotes the 
positive (respectively negative) part of t. 

- S = inf„gx'i'2(R]v')\{o-j II Vi'||^2 ||w||^2* denotes the best constant in the classical Sobolcv's 
embedding. 



2. Hardy type inequalities 
The following Hardy's inequality on the unit sphere holds. 

Lemma 2.1. Let a as in For every tp G H^{E>^^^) there holds 
a{0)\i}{9)\^ dS 



A:-2"^ 



2 



2 



E4+ E \^^^-^m\'ds+(^) [ 



JeAk (Ji,J2)6Bfc 



\m\^ds 
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Proof. Let g H\E,^^^) and cj) G C^{0, +00). Rewriting inequality dTO]) for u{x) = <j)[r)ij}{e) , 
r = |x|, 9 = jlj, we obtain that 



fc - 2 



+00 „Af-l 



(Ji,J2)GBfc 



a(6')|V'(6')|^d5 

r^-i|(/)'(r)|2dr 

30 N-l 



and hence, by optimality of the classical Hardy constant, 



fc-2 
2 



a(6l)|V'(6')pd5 



E"^+ E "^../2 



+ 



|Vs«-i^(0)pd5 



E"^+ E 



Ji J2 



N-2 



The proof is thereby complete. 

Let us consider the following class of angular potentials 

\fm 



□ 



From Lemma |2. II we have that, for every f Cz the supremum 
(22) A(/)- --^ J,.^.mnO)dSiO) 



sup 



V.eHMS«-i)\{o} |Vs«-i^(0)|2 d5(0) + {^f ^2(0) ^5(0) 

is finite. On the other hand, arguing as in the proof of |42[ Lemma 1.1], we can easily verify that 

\x\-'^f{x/\x\)u^{x)dx 



(23) 



A(/) ^ sup 

MeX'i'2(RJV)\{;o} 



\Vu{x)\'^ dx 



Furthermore, it is easy to verify that 
and 



A(/) ^ 



A(/) = if and only if / a.e. in S^"^ 

For every f ^ J- satisfying A(/) < 1, we can perform a complete spectral analysis of the angular 
Schrodinger operator — Agjv-i — / on the sphere. 
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Lemma 2.2. Let f (z J- satisfying A(/) < 1. Then the spectrum of the operator 

Lf := — Agjv-i - / 

on §^^^ consists in a diverging sequence Hiif) ^ l^2{f) ^ ■ ■ ■ ^ Mfc(/) ^ ' ' ' of real eigenvalues 
with finite multiplicity the first of which admits the variational characterization 

^ ' ^'^^^ ~ v.ei/Ms«-)\{o} \m? ds{e) 

Moreover is simple and its associated eigenf unctions do not change sign in . 

Proof. By Lemma O and assumption A(/) < 1, the operator T : L2(§w-1) ^ L2^gW-i^ 

defined as 

Th = u if and only if — Agw-iu — fu + { ^2'^ ) u ~ h 
is well-defined, symmetric, and compact. The conclusion follows from classical spectral theory. In 
particular, we point out that the simplicity of the first eigenvalue follows from the fact that, since 
fc > 1, the singular set S does not disconnect the sphere. □ 

For all f £ let us consider the quadratic form associated to the Schrodinger operator £ f , i.e. 



The problem of positivity oi Qj is solved in the following lemma. 
Lemma 2.3. Let f £ J- . The following conditions are equivalent: 

i) Qf is positive definite, i.e. inf — 3j\ . > 0; 

«6i7i-^(K«)\{o} Jjjjv |Vu(x)pda; 

ii) A(/)<1; 

iii) > ^("^^2"^)^ where is defined in \24-^ . 

Proof. The equivalence between i) and ii) follows from the definition of A(/), see (^5]) . On the 
other hand, arguing as in [42l Proposition 1.3 and Lemma 1.1] (see also [ITl Lemmas 1.1 and 2.1]) 
one can obtain equivalence between i) and iii). □ 

Henceforward, we shall assume that p2|) holds, so that the quadratic form associated to the 
operator Ca is positive definite. 

Example 2.4. Let us consider cylindrical potentials, i.e. the particular case in which 
(o^\ /«, if J = J = {l,2,...,fc}, 

(25) aj ~ { for some a G M 

\0, if J^{l,2,...,fc}, 

and 

(26) J2 = for any ( Ji, J2) S Bk, 

so that a{6) ~ a/\0j\'^. Then, from the optimality of the constant (■^y^)" in ([5]), it follows that 
A (a) = Q!^(-jrr2)^ and (IT^ reads as a < (■^^)^- Moreover there holds 



(27) 
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In order to verify pT]). let us set 

(28) y 



fc-2 



2 V V 2 



and consider the function u{x) = Ixjp' = (ELi ^ ^ioc(J*")- Then u solves the equation 



(29) - Au{x) - - — 1^ u{x) = in {x e : xj ^ 0}. 



The function u may be rewritten as u(x) = \xp V'(jij) once we define ip{0) = for any 

e e §^-1 \ E. Since u solves ([291), we obtain 

-7'(7' + - 2)r'''-V(^') - r-'''-2Ag«-iV'(6l) = r'''-2a(6l)^(6l), for any r > and 9 G §^"^ \ S. 
This yields 

-Asiv-iV'(6') - a{0)ip{0) = 7' (7' + TV - 2)iP{9), in S^^^ 

This shows that V' is a positive eigenfunction of the operator La and hence by Lemma 12.21 the 
corresponding eigenvalue must coincide with /-ii(a), i.e. 7' (7' + N — 2) = /ii(a). ((77|) follows 
by (Eg). 

Example 2.5. Let us also consider two-body potentials, i.e. the case in which TV ^ 2k, 

aj = for any J e Ak 

and 

fa, if Ji = Ji = {1, 2, . . . , k} and J2 = J2 = {/c + 1, fc + 2, . . . , 2fc}, 

10, if (Ji,J2)^(Jl,J2), 



so that a(0) = Q;/|6'j^ — 6'j2p. The optimality of the constant ^^-^ in inequality ([9]) implies that 



A(a) = q;+ (fc-2)^ ^^'^ condition p2)) reads as a < '^^-Ip—. Moreover we have 



(k-2)(N-k) a , \(k-2X a 

(30) Mi(a) = -^ ^ --7; + {N-k)J' ^ 



2 2 ' 'V V 2 y 2 

In order to prove (j30p we put 



(31) = + /^'^ 2 



a 
2 



and we define u{x) = jxj^ — ^JaP ^ -^ioc(-'^^)- Then w solves the equation 
(32) - Au{x) - --u(x) = in {x e : xj, 7^ xjj. 

Proceeding as in Example 12.41 by (|3T|) and (|32|) we conclude that '0(^) — l^ji ^ ^j^P is an 
eigenfunction of fii{a) and that fJ.i{a) is given by ()30p . 



We extend to singular potentials of the form (|6|) the Hardy type inequality with boundary terms 
proved by Wang and Zhu in |43j . 
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Lemma 2.6. Let a be as in ^ and assume that holds. Then 



(33) 



Vm(x)|^ 



\u{x)\^ dx + 



N -2 
2r 



\u{x)\'^dS 



> Ml (a) + 



A^- 2 



dx 



for all r > and u G H^(Br). 

Proof. By scaling, it is enough to prove the inequahty for r = 1. Let u G C°°{Bi) D H^{Bi) 
with ^ supp u. Passing to polar eoordinates, we have that 



(34) 



VM(a;)|^ 



^ \x\ ' 



\u[x)Y' dx + 



N -2 



dBi 



\u{x)\^dS 



r^-^\dru{r,e)fdr) dS{e) 



N -2 



\u{l,9)\^dS{9) 



1 ^w-i 



[\\/sN-iu{r,e)\^ - a{0)\u{r,0)\^] dS{0)] dr. 



For all e G S^-i, let ipg G C°°(0,1) be defined by ipg{r) = u{r,e), and ipe G C°°(Bi) be the 
radially symmetric function given by ifieix) = ipg{\x\). We notice that ^ swpp ipg. The Hardy 
inequality with boundary term proved in [33] yields 

(35) 



N — 2 

r^-^\dru{r,e)\'' dr + ^—\u{i,e)\'' \ ds{e) 



N -1 

1 



^'g{r)\'dr + 



N -2 



MW dsie) 



\\/ipe{x)fdx 



N -2 



\^g{x)\''ds\ds{e) 



1 



1 ^N-l 



^^^^dx] ds{e) 

\u{r,e)\'^ dr\ ds{e) = 



N -2 



dx. 



where lon-i denotes the volume of the unit sphere ^, i.e. lon~i ~ /gw-i dS{9). On the other 
hand, from the definition of /ii(a) it follows that, for every r G (0, 1), 



(36) 



[\\/sN-,u{r,0)\^ ~ a{0)\u{r,e)\^]dS{0) fii{a) / \u{r,0)\^dS{e) 



From (133]), ([25]), and dM]), we deduce that 



\Vu{x)\' 



u{x)\ ) da; 



iV- 2 



\uix)\^dS ^ 



dBi 



N -2 



+ Ml (a) 



\u{x)\^ 



dx 



Bi 



for all u G C°°{Bi) n H^{Bi) with ^ suppw, which, by density, yields the stated inequality for 
all i/^(i?,.)-functions for r = 1. □ 
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Corollary 2.7. For all r > and u E H^{Br), there holds 



(37) / \Vu{x)\'dx+^^ [ \uix)\^dS^('^^ f ^^dx 



for any J £ Ak and 

(38) / \\7u{x)fdx+'-^^—^ I \u{x)fdS ^ / '"''"^^ 



2r ^ ^' "2 Js^ \xj,-xj,\^ 



for any (Ji, J2) G Sfe. 



Proof. Let r > and u e H^{Br). Choosing a as in the Example 12.41 with a < (^^)^, from 
Lemma [2.61 it follows that 

\Vu{x)\' ~ J^H^)\') dx + ^ Hx^ dS ^ 

hence 

r \nA'r\\'^ r . N-9 r 

\u{x)\^dS. 



f |w(x)K , /■ , m2 , N-2 f 



Letting a ^ (^) , (EH) follows. To prove ([55)1 . we may choose a as in Example 12.51 and proceed 
as in the proof of (|37)) . □ 



Corollary 2.8. Lef a be as in ^ and assume that holds. Then, for all r > 0, u E H^(Br), 
J G Ak and (Ji, J2) G Bk, there holds 

(39) / |Vu(x)|2rfa;- / --^\u{x)\'' dx + K{a)— / \u{x)\'' dS 



Br- J Br 1^1 2r jQBr 



^ (1- A(a)) / \Vu{x)\'^dx, 



(40) / |VM(x)|2dx- / ^^|u(x)pdx + ^— / \u[x)\''dS 

Br J Br fI 2r Jqb^ 

2 /• l,,,'^M2 



fc-2\ r \u{x)\ 



^(l-A(a))(^) / ^^l^rf^, 



Br 



and 



(41) / \Wu{x)\'dx- ^\u{x)\'dx + ^— Hx^dS 

Br JBr FI 2r 

2 r l„,/'^M2 



,^(fc-2)^ /• \u{x)Y , 



wii/i A(a) as in 
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Proof. By scaling, it is enough to prove the inequahties for r = 1. Let u E C°°{Bi) D H^{Bi) 
with ^ suppu. Passing in polar coordinates we obtain 

(42) / (\Vu{x)\''~'^^\u{x)Adx + K{a)^^—^[ \u{x)\'' dS 



Bi 



2 



r^-^\dru{r,0)\Ur]dSi6)+A{a)^^ j \u{l,e)\USie) 



1 ,,w-i 



[|Vs«-iM(r,0)|2-a(0)|u(r,0)|2] dS{e)] dr. 



By (121]) and ([H]) wc have 



gJV-l 

^ (l-A(a))^^ JVs«-m(r,0)|'d5(0)-A(a) f^^) / \uir,0)\'' dS^e) 
which inserted into gives 

\Wu{x)\'' - 4^^Hx)\A dx + A{a)^^^-^ I \u{x)fdS^{l-A{a)) I \Wu{x)\'' dx 



Bi \ 1-^1/ ^ JdBi JBi 

A(a) / I / r^-^\dMr,Ordr+'-—^\u{l,9r]dS{0)-[—^{f ^-^^ dx 



S"-i \J0 ^ / \ J J B 



\xV 



Now, inequality ([5^ follows immediately from 
From (HH) and dS?]) we obtain 



^(1-A(a))(^y^ \Vu{xrdx+^ J^^ \uix)\'dS^^{l-A{a))(^^y ^-^^ dx 

for all J G A and for all u G C°°(Bi) n H^(Bi) with ^ suppu. 
On the other hand by ([55]) and ([35]) we obtain 

\Vu{x)\'-^\uix)\Adx+^ f \u{x)\'dS 
^{1-A{aj)(f \\/u{x)\^dx+^^-^ [ \u{x)\^dS 

for all (Ji, J2) e Sfc and for all ueC°°{Bi)n H\Bi) with ^ suppu. 

By density the stated inequalities follow for any u S H^{Bi). □ 

From (j33p and (j39p . we can derive a Hardy-Sobolev type inequality which takes into account 
the boundary terms; to this aim, the following lemma is needed. 
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Lemma 2.9. Let Sn > be the best constant of the Sobolev embedding H^{Bi) C [Bi), i.e. 
Then, for every r > and u G H^{Br), there holds 

(44) / (\Vuix)\^ + ^-4^) dx;?SN( f \u{x)fdx' ' 



Proof. Inequality (|44p follows simply by scaling from the definition of Sj^ . □ 
The following boundary Hardy-Sobolev inequality holds true. 

Corollary 2.10. Let a be as in ^ and assume that ilS^) holds. Then, for all r > and u £ 

H^{Br), there holds 



(45) / \Vu{x)fdx-[ ^\uixr dx + ^-±^ ^ [ \u{x)\'dS 

^ ^minjl- A(a),^i(a)+ (^^jm \u{x)f dxY 
where Sjy is defined in |^3| ). 

Proof. Inequality (|^5|) follows simply by summing up and and using Lemma [^31 □ 

3. A POHOZAEV-TYPE IDENTITY 

In order to approximate := — Agw-i — a with operators with bounded coefficients, for all 
A e M, we define 



(46) axie) := 



a(6l) if A s; 

in such a way that G L°°(§^^^) for any A > 0. We notice that a\ G J-' for any A G R. 

Since we are interested in the asymptotics of solutions at 0, we focus our attention on a ball 
Brg which is sufficiently small to ensure positivity of the quadratic forms associated to equation 
(jl3p and to some proper approximations of (|13p in Br^. Let m be a solution of (|13l) . with the 
perturbation potential h satisfying ((H)) and the nonlinear term / satisfying ([F]) . If condition 
holds, there exists rg > such that 

iV\ / 2 \V. ^N -k 



< 1, 



(47) Br,,Cil and A(a) + C„r^ ^ j j (^I , ^ ^ 

with a as (O, A(a) as in (EH) and = whenever A^ < 2k. 
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Lemma 3.1. Let O C M.^ , N ^ 3, be a bounded open set such that G ^l, and let a satisfy ^ 
and i fi^)] . Suppose that h satisfies ((H)) . / satisfies ([F|), u is a H^{^)-weak solution to I113\) in il, 
and To > is as in |47[ ). Then there exists A > such that, for every A G (0, A), the Dirichlet 
boundary value problem 



(48) 



with 



-Av{x) n2~^(^) hx{x)v{x) + f{x,v{x)), in Br^, 



on dBr 



h\{x) 



min{l/A,niax{— 1/A, if X> 0, 
^h{x), tfX^O, 
admits a weak solution ux E H^{Bra) such that 

u\ u m H\Bro) as\^0+. 
Proof. Let v be the unique H^{Br„)-weak solution to the problem 



(49) 



—Av , v{x) = h{x)v, in Brg, 



Id Br 



on dBr 



The existence and uniqueness of such a v can be proven by introducing the continuous bilinear 
form S : {Br„ ) x Hi {Br„ ) ^ R 



Q(wi,W2) 



^Wi{x) ■ Vw2{x) 



+ h{x) \ wi{x)w2{x) 



and the continuous functional 'i' E H ^{Brg) 



By dHI, dS]), jg]), and (HB), we have 



'Vu{x)-\/w{x)dx+ 



dx, 



u{x)w{x)dx+ / h{x)u{x)w{x)dx . 



(50) Q{w,w)'- 

|Vw(a;)p 



Vw{x)\' - -:^w 



2 ^■•■^[x)-h{x)w''{x)]dx 



\x\ 



' „„2 



1 - A(a) - C,,r^ 



(Ji,J2)ei3fc 



w (x) I dx 



1 



|Vw(a;)p rfa; 



for all w e H^Bro)- By ((SO]), ([12]) and (gT]) it follows that the bilinear form Q is coercive. The 
Lax-Milgram lemma yields existence and uniqueness of a solution v G {Br^ ) of the variational 
problem 

for any w G Hi [Bra) ■ 



,i(s.o) 
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Then the function v := v + u is the unique solution of p9|) . 
Let us now define the map $ : R x 7Jg(i?ro) — >■ H~^{Br„) as 



$(A,w) 



-Aw 



w ^ h\ {x)w — f{x,v + w) + 



/iA(a;) w. 



By ([7]), ([8]), (111), ([H|1 and (|F]), the function $ is continuous and its first variation with respect to 
the w variable 

is also continuous. We claim that 

(f>(0,u - -fj) = in H^^{Brg) and <f>^(0,w - u) G £(i?o (S^o), -^"^(Sro)) is an isomorphism. 

The first claim is an immediate consequence of the definition of u and v. Let us prove the second 
one. By ([F]), ([TT]) . and Holder and Sobolev inequalities, for every w E Hl{Bra) we obtain 



\Vw{x)\^dx 



a 



\\/w{x)\'^ dx - 



B F 

a 



■w'^{x) dx 



X 



\x\, 



B, 



-Ctrl 



■w'^{x) dx 



h[x)viP' [x) dx - 
h[x)w'^[x) dx 



fs{x, u{x))w'^ (x) dx 



l + \uix)\^ ~')w'{x)dx 
|Vu;(a;)p dx 



N -k 
k 



k-2 



|V-u;(x)p dx 
|Vu;(x)p dx. 



The above estimate, together with (|47|) . shows that the quadratic form w i-> ($^(0, u — v)w,w) 
is positive definite over H}^{Bro). Then the Lax-Milgram lemma applied to the continuous and 
coercive bilinear form (101,1(72) ^ h-^(b )(*J''(u(Oj ~ ^)u'i,uj2) r,i,ri n ensures that the operator 

$'j„(0, u — {;) G C{H^{Bro), H~^{Brg)) is an isomorphism and hence our second claim is proved. 

We are now in position to apply the Implicit Function Theorem to the map $, thus showing 
the existence of A > 0, p > 0, and of a continuous function 

9 ■■ (-A,A) ^ B{u-d,p) 

with B{u — v,p) = {w € H^{Bro) : \\w — u + v\\Hl,{Bro) < P}^ such that $(A,5(A)) = for all 
A G (—A, A) and, if (A, w) G (—A, A) x B{u — v, p) and $(A, = 0, then w — .g(A). The function 
ux g(A) + v solves (|15)) for any A G (0, A). Moreover, by the continuity of g over the interval 
(—A, A) and the fact that 5(0) = u — v, u\ — u ^ g(A) — it + ?) ^ in Hl{Bra) as A 0+. This 
proves that u\ ^ u va {Bro ) as A — )• 0+ . □ 
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Remark 3.2. We notice that, if / G L^(n) for some C bounded open set such that G il, 
then, for every r > such that B^- 



\f{^)\ 



dS, s H' 



■dS, 



and hence the function s i—> Jgg \f\dS belongs to L^{0,r) and is the weak derivative of the 
VF^'^(0,7')-function s — 5- /g \f{x)\dx. In particular, for every u G H^{il) and every J G Ak, 
[Jij-h) S Bk^ the L^(0, r)-function 

I \S/u{x)\^ dS, respectively s i-> / - — ttt 
JdB, JdB, \xjr 

is the weak derivative of the M^^'^(0, r)-function 

s^f \yuix)\Ux, respectively.^/ 
Jb, Je 



J ax, s i-T- 



'B, JBs 

Solutions to ([T^ satisfy the following Pohozaev-type identity. 



u'^{x) 
Bs \^Ji ~ '^Ji \ 



■ dx. 



Theorem 3.3. Let fl C K", N ^ 3, be a bounded open set such that G fi. Let a satisfy ^ 
hl2\l . and u be a L{^(fl)-weak solution to in fl with h satisfying ([H)l and f satisfying ((F|) 

Then 



(51) 



N -2 



Br 



\S/u{x)\'^-^u'{x) 



dx + - 



dBr 



|Vw(.T 



dS 



dBr 



du 
dv 



dS-\( {Vh{x)-x)u^{x)dx-^ [ h{x)u^ix)dx + ^ [ h{x)u^{x)dS 
+ r F{x,u{x))dS- [V^F{x,u{x)) ■ X + NF{x,u{x))]dx 

JdBr J Br 



and 



(52) 



\Vu{x)\^-''-^u\x)]dx 



dB, 



u— ab ' 



h{x)u'^{x)dx+ I f{x,u{x))u{x)dx, 



for a.e. r G (0,ro), where tq > satisfies \4'^ o.'^d v = v{x) is the unit outer normal vector 
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Proof. Let ax as in (|46|) . ro as in (|47|) . and ux, hx as in Lemma 13.11 Since ax and hx are 
bounded for every A > the following Pohozaev identity 



(53) - 



N-2 



\yux{x)\' 



dBr^ 



dux 



u\{x) 



dx 



dS 



dv 



dS 



hx{x)ux{x) {x ■ \/ux{x))) dx 



+ r F{x,ux{x))dx - / [Wa;F{x,ux{x)) ■ x + NF{x,ux{x))]dx 



B,. 



holds for all r £ (0,ro), see Proposition lA.ll Furthermore, testing (|48|) with ux, integrating by 
parts, and using the regularity of ux outside the origin, we obtain that 



axi-ri) 

\Vux{x){' ~ —J^^ulix) ] dx 



ux^—dS+ I hx{x)u\{x) dx + I f{x,ux{x))ux{x) dx 



(54) 



'dBr- du 

for all r G (0, tq). 

From the convergence of ux to u in {Bra ) as A — >■ 0"*" proved in Lemma 13. 1[ inequalities 
I, and the Dominated Convergence Theorem, it follows that 



12- "A 



FT FT P. 

in L^{Bro) as A — > 0+, i.e. 



[ux + u){ux -u) + 



«a(o)-«(o) 



(55) lim 

A->0+ 



dx 



lim 

A^0+ 



-ux{x) 



u^{x) 



dS 



ds = 0. 



From ([55)) we deduce that 

aA(^) 



Ux{x) dx 
and, along a sequence A„ — > 0+, 

ias, \x. 
On the other hand, from 



(56) 



2 U;^^ dS* 



a(A) 

I f„ u^(a;) dec as A — > 0^ for all r € (0, ro). 



, ' dS as n — >• +oo for a.e. r € (0, ro). 



lim 

A->0+ 



|V(wa — w)(2^)| f^a; = lim 



\V{ux-u)\'^dS 



dB, 



ds ^ 0, 



we deduce that, along a sequence converging monotonically to zero still denoted by A„, 



(57) 



\\/uxSdS 



dBr 



jVupdS' as n ^ +oo for a.e. r G (0,ro) 



dBr 
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/ 




dS^ f 


du 


JdB^ 


dv 


JdBr 


dv 



and 

(58) 

Let us fix A > and re (0, rg). Since 

hx{x)\ux{x)\^ dS 

OB, 

there exists a sequence {Jfej/tgN C (0, r) such that hni 



dS as n — >■ +oo for a.e. r g (0, rp). 



ds 



h\{;x)\u\{x)\'^ dx < +oo, 



and 



(59) 



dBs 



h\{x)\ux{x)\'^ dS — > as fc — > +oo. 



Recalhng that u\ G Gy^'^{Bra \ {0}) for some r € (0, 1), integration by parts yields 

1 
2 

N 



L 



hx(x)u\{x) (x ■ \/ux{x)) dx 



Br\Bs 



{yhx{x) ■ x)u\{x) dx 



BABs, 



hx{x)ux{x) dx + - I hx{x)u\{x) dS - ^ 



Br\B6 



dBr 



hx{x)ux{x) dS. 



Letting k +oo, by ([5^1) and (|H|, we obtain 



hx{x)ux{x) {x ■ S/uxix)) dx = j {yhx{x)-x)u\{x)dx 



N 



hx{x)u\[x) dx + 



dBr 



hx{x)u\{x) dS. 



Arguing as above, using (|Hl) we can prove that 



hm 
hm 

A->0+ 



(S/hxix) ■ x)u\{x) dx 



(V/i(x) • x)u'^{x) dx for aU r S (0, vq), 



hx{x)u\{x) dx = / h{x)u'^{x)dx for ah r S (0, rg), 



and, along a sequence A„ — !■ 0^ 



(60) 



lim 

71— > + CJO 



9Br 



'iA,. (a;)w^^ (a;) dS* 



h{x)u'^{x)dS for a.e. r S (0,ro). 



It remains to study the convergence of the terms in ([55)) and related to the nonlinearity /. By 
(|F|) . convergence of to w in H^{Bro), and the Dominated Convergence Theorem, we have that 



lim 

A->0+ 



[\/^F{x, uxix)) ■ X + NF{x, ux{x))] dx 



lim 

A^0+ 



f{x,uxix))uxix)dx 
for all r g (0, tq), and along a sequence A„ — > 0+, 



[VxF{x, u{x)) ■ X + NF{x, u{x))] dx , 
f{x, u{x))u(x) dx, 



(61) 

for a.e. r € (0, ro). 



dBr 



r / F{x,uXr^{x)) dx ^ r / F{x,u{x))dx a.s n +oo 



dBr 
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Therefore, we can pass to the Hmit in ([SS]) and in ((54)) along a sequence A„ 0+ such that 
56]), (l52|), dSH]), (Uni), and ^ hold true, thus obtaining ([51]) and (l52|). □ 



4. A Brezis-Kato type estimate 

Throughout this section, we let f2 C K^, ^ 3, be a bounded open set such that G fi, a 
satisfy ([7|), p2|). /i satisfy (jH)) . and F G Lj'Q^(r^) satisfy the form-bounded condition 

J^\V{x)\v\x)dx ^ ^ 

sup 1— j-2 < +0O, 

see [33. The above condition (which is in particular satisfied by i^/^ and functions, 
potentials of the form etc.) in particular implies that for every u G H^{n), Vu £ H~^{rt). We 
assume that u e is a weak solution to 

ai-ri) 

(62) - Au(x) - — l;Lif(a;) = h(x)u(x) + V(x)u(x), in fi. 

In the spirit of [301 Theorem 2.3], we prove the following Brezis-Kato type result. 
Proposition 4.1. IfV+ £ L^/^^j^)^ letting 

„ . / ^min{4^-2,2*}, ^f A(a) > 0, 

I A(a)==0, 

t/ien /or every I ^ q < giim i/iere exists > depending on q, N, k, a, /i suc/i t/iat _B,. C fl and 
ueLi{BrJ. 

Proof. For any 2 < r < ^giim define C(r) := and let > be large enough so that 

S{C{t) - A(a)) 



(63) 1^ J V^'ix)dxj < 

Let r > be such that Br C il. For any w E HQ{Br), by Holder and Sobolev inequalities and 
([55]) . we have 

(64) [ Vix)\w{x)f dx ^ [ V+{x)\w{x)\^ dx + [ V+{x)\w{x)\^ dx 
Jn J J 

i^lr j \w{x)\'^ dx ^ J vf{x)dxY([ \w{x)f dx 

^ir I \w{x)\^dx+^^^^^—^ I \Vw{x)\'dx. 



Let rj S C^{Br) be such that 77 = 1 in Br/2 and define v{x) := j]{x)u{x) E HQ(Br)- Then v is 
(r2)-weak solution of the equation 

(65) — Av(x) , ' v(x) — h(x)v(x) + V(x)v(x) + g(x), in il, 
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where g{x) = —u{x)Ari{x) — 2Vu{x) ■ Vr]{x) G L^{B,)- For any n e N, n ^ 1, let us define the 
function v" min{|w|,n}. Testing ([65]) with {v'^y-^v e Hl{Br) we obtain 



(66) 



{v-{x)Y-'\^v{x)\' dx + {T^2) {v-{x)y-Mm'^v{x)\'x{H.)i<n}ix) dx 

Br J Br 

—^iv"ix)y-\^ix) dx 

Br FI 

h{x){v'\x)y-^v^ix)dx+ [ Vix){v''{x)y~^v^{x)dx+ [ g{x){v"{x)y-^v{x) dx 

Br J Br J Br 



Since 



,.n\*-l„.M2 _ f„.n\T-2\-^„.\2 , (''' 2)(r + 2) |„, 1 1 V7„, |2 , , 

{V ) \V\\\/V\ X{|„(:r)|<n} , 



|V((z;")*-iz;)|2 = («")^-2|Vif + 



then by ([Ml), (HI), and (|64l) with w = {v'^)i~^v we obtain 



(67) 



C(t) / |V((t;"(x))*~^(a;))|"da; 



Br 



( X \ 

'^-^{{v''{x))i-\{x)f dx + I hix){{v"ix))i-'vix)ydx 



A(a) + 



+ J V{x){{v''{x))i-^vix)ydx + J gix){v"{x)y-^v{x)dx 



\\/{iv'\x))i-^vix))\''dx 



Br 

+er f {v'\x)y-^{v{x)fdx+[ \g{x)\{v^{x)y~^\v{x)\dx . 

J Br J Br 



Let us consider the last term in the right hand side of ([57)) . Since g G L'^{Br), then by Holder 
inequality 



1^ \g{x)\{v-{x)y-M^)\dx ^ hh.^n) (/^ {v" {x)r-M^)\' dx 
= hWmn) 1^1^ (z;"(x)) ^'^"''^"' {v-{xy-^\v{x)\'dx 
^\\9\\mn)( f liv-ixyi-Mx)]"^ dx 
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and, since "^^^^ < 2* for any r < ^qnm, by Holder inequality, Sobolev embedding, and Young 
inequality, we obtain 

\g{x)\{v"{x)r-M^)\dx 



UJN-1 

I5lli2(n)l 



JV 2]V(t-1) 



1 2(^-1) 

2 2't 



Mmn) 



\{ir{x))i-^v{x)f dx' 
^ (yj |V(K(x))^-iw(x))|2dx 

N J ,1 R__ 



iV (W-2)(T-1) 

r 2 X S 



Inserting into ([ST]) we obtain 



C(r) - A(a) 



k \k-2 



N -k 
k 



T - 1 / UJN-l 
T \ N 



|V((t;"(x))^-iv(.T))|2dx 



and by Sobolev embedding we also have 



(69) 5* 



C{t) - k{a) 



1 



- 1 /cjat^A 1) 



T \ N 



k-2 

, -jV+2 rr-l 

."/■„^^T-2/ 



iV-fc 
k 



(w"(a;))^^-2>(a;)r' 



2* 



Since r < 2^(7iim then C(t) — A(a) is positive and 2{t~i) ^ + 2 is also positive. Hence we may fix 
r small enough in such a way that the left hand side of ([69|) becomes positive. Since v G L'^{Br), 
letting n — )■ +oo, the right hand side of (|69p remains bounded and hence by Fatou Lemma we infer 

that V G L^'^{Br)- Since ry = 1 in -8^/2 we may conclude that u £ L^'^ (3^/2)- This completes 
the proof of the lemma. □ 



5. The Almgren type frequency function 

Let M be a weak i/^(Jl)-solution to equation ([T^ in a bounded domain C containing the 
origin with a satisfying ([7]) and p^ . satisfying ((H|) and / satisfying p^. 
By ([F]) and Sobolev embedding, we infer that the function 



V{x) 




if u{x) ^ 0, 
if u{x) = 0, 
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belongs to L^/^(0) and hence we may apply ProDOsition l4. ll to the function u. Therefore, through- 
out this section, we may fix 

(70) 2* <q< qnm 

and rq as in Proposition 14. II in such a way that u G L'^{Br ). 
By Remark |3.2[ the function 

(71) H{r) = ^[ \u\^dS 



belongs to L\^^{Q, R) for every R > such that Bb ^ ^- It is also easy to verify that 

(72) H{r)^ [ \u{r9)\^ dS{e) for a.c. r e (0, i?). 
Further regularity of H is established in the following lemma. 

Lemma 5.1. Let C M.^ , N ^ 3, be a bounded open set such that E fl and let u be a 
weak H^{n)-solution to equation in fl with a satisfying ([7]) and (|12p . h satisfying ((H|) . and 
f satisfying (IF|. // H is the function defined in ^71\ ) and R > is such that Bj^ C fl, then 
H e Wl;l{0,R) and 

f dv 

(73) H'{r) = ^ u — dS 



dv 



in a distributional sense and for a.e. r £ (0,i?). 

Proof. Since u,^e L^{Bb,), by Remark [X^ we have that 

f (JH 

u — dSeLlMR)- 



2 

r I— 



If < s < r < i?. by Fubini's Theorem we obtain 



From classical Brezis-Kato [5] estimates, standard bootstrap, and elliptic regularity theory, it 
follows that u e C^^lin \ E) for some r e (0, 1). Hence, for every 9 £ §^ ^ \ a-nd consequently 
for a.e. € ^{t0) = j-^u{te) for every t e (s,r). Therefore, in view of we deduce that 

(|u(r6i)|2 - |u(s6i)|2) dS{e) = H{r) - H{s) 



giV-l 



thus proving that H G Wj^'^ (0, R) and that its weak derivative is given by (|73p . □ 
Now we show that, if u ^ 0, H{r) does not vanish for every r S (0, ro). 
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Lemma 5.2. Let fl C M^, N ^ 3, be a bounded open set such that £ il, a satisfy ^ and HIS]) , 
and u ^ be a weak H^{ri)- solution to U'^) in f2, with h verifying jHj and f as in jF]). Then 
H{r) > for any r G (0,ro), where H = H{r) is defined by \71^ and tq > satisfies ^4^- 

Proof. Suppose by contradiction that there exists R e (0, tq) such that H{R) = 0. Then u ~Q 
a.e. on OBr and thus u G Hq{Bb)- Multiplying both sides of (fT3|) by u and integrating by parts 
over Br we obtain 

\Vu{x)\'^dx - / \u{x)f dx = / h{x) \u{x)\'^ dx + / f {x,u{x))u{x) dx. 

Proceeding as in (|50|) and using (|F|, Holder and Sobolev inequalities, we obtain 

I \yu[x)\-- 

' Br \ 

1 - A(a) - Crg 







^ ''^m^(.t) — h{x)u'^{x) — f{x,u{x))u{x) ) da; 



fc- 2 



1 



CfS-' 



iujN-i/N)*rl + hllf.^j's^^) 



N-k 
k 

\Vu{x)\'^dx, 



Vu{x)\^ dx 



which, together with (1471) . implies u = in Bji. Since w in a neighborhood of the origin, we 
may apply, away from the singular set E (which has zero measure), classical unique continuation 
principles for second order elliptic equations with locally bounded coefficients (see e.g. [44]) to 
conclude that it = a.e. in fl, a contradiction. □ 



We also consider the function D : (0, ro 
1 



defined as 



(74) Dir) 



rN-2 



Br 



Vu{x)\^ - ^f^|u(x)p - hix) |w(x)|2 - f{x,u{x))uix) ] dx, 



where tq is defined in (|T7|) . The regularity of the function D is established in the following lemma. 

Lemma 5.3. Let fi C R^, N ^ 3, be a bounded open set such that E il. Let a satisfy ([^ and 
1112]) . and u be a weak {Vl)-solution to with h satisfying ([H|) and f satisfying (jFjl . Then 

the function D defined in ^74\ l belongs to W laci^Ti^o) o,'<^d 

(75) D'{r) 





du 








. JdBr 


dv 





„2-N 



dBr 



{\7h{x) ■ x)\u{x)\'^ dx - / h{x)\u{x)\'^ dx 

J Br 

{{N - 2)f{x, u{x))u{x) - 2NF{x, u{x)) - 2\/^F{x, u{x)) ■ x) dx 
2F{x, u{x)) — f{x, u{x))u{xy) dS 



in a distributional sense and for a.e. r G (0,ro) 
Proof. For any r e (0, ro) let 



(76) 



/(r) 



Vu(x)|2 - -^\u{x)\' - h{x) \u{x)\' - fix, uix))u{x) ] dx. 
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From Remark [3T2l we deduce that / G W^'^{0,ro) and 
I'ir) = / f I 



(77) I'ir) = / ( \Vuix)\^ - - hix)\u{x)\' - f{x, u{x))u{x) ] dS 



for a.e. r e (0, ro) and in the distributional sense. Therefore D g W^^^{0,ro) and, plugging ([5T|) . 
([7S)) . and dni) into 

£''(r) = r^-^[-{N - 2)/(r) + r/'(r)], 

we obtain ([75)) for a.e. r G (0, ro) and in the distributional sense. □ 

By virtue of Lemma |5.2[ if li is a weak _ff^(r2)-solution to p3|) . u ^ 0, the Almgren type frequency 
function 

(78) M{r)=Mu,HAr) = ^^ 

is well defined in (0,ro). Collecting Lemmas 15.11 and 15.31 we compute the derivative of N. 

Lemma 5.4. Let 17 C M^, ^ 3, he a hounded open set such that G il, a satisfy (0j and US]) , 
and u ^ he a weak (Jl) -solution to il^] . with h satisfying ((H|1 and f satisfying ([F|) . T/ien t/ie 
function Af defined in |y<g[ ) belongs to W^^^ (0,ro) anii 

(79) AA'(r) = i/i(r) + i/2(r) 
m a distributional sense and for a.e. r G (0,ro), where 



2r 

(80) ^i(r) =- 



and 

/g (2/i(a;) + Vft.(a;) • a;)|u(a;)pdx r J^g {2F{x,u{x)) - f{x,u{x))u{x)) dS 



(81) z.2(r) 



((AT - 2)/(x,M(x))u(a;) - 2NF{x,u{x)) ~ 2\l ^F(x,u(x)) ■ x) dx 



dBr 

Proof. From Lemmas El and [El it follows that TV G Wl;l{Q,ro). From ([Hj), and 



3m Lemmas 15.11 15.21 and 15.31 it 

([75[) we infer 

(82) D{r) = \rH'{r) 

for a.e. r G (0, ro). From ([82]) we have that 

D'{r)H{r) - D{r)H'{r) _ D'[r)H{r) - \r{H'{r)Y 



N'{r) = 



{H{r)f {H{r)Y 
and the proof of the lemma easily follows from ([73[) and ([75[) . □ 



We now prove that M{r) admits a finite limit as r — >■ 0^. To this aim, the following estimate plays 
a crucial role. 
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Lemma 5.5. Under the same assumptions as in Lemma \5.4[ there exist f S (0, inin{ro, r^}) and 
a positive constant C = C{N,k,a,h, f,u) > depending on N, k, a, h, f, u but independent of r 
such that 



(83) 



|u(x-)p - h{x) \u{x)\^ - f(x,u{x))u{x) ]dx 



> - 



N -2 



2r 



\u{x)\^dS 



dx 



E 



Br FJi ~ ^J2 I 



and 

(84) N{r) > 

for every r £ (0, f). 

Proof. By (gO]), (gT]), and (gS]), we have that 

Vm(x)P - -4^Hx)\^ - Kx) Hx)\^ - f{x,u{x))u{x) ]dx 



|u(x)P dx 



1+A(a) 
2 



(^)(1 + (V))+1 



\u{x)\^dS 



dBr 



+ 



(.)(i + (V-)) + i 



1 - A(a) - C,,r^ 



(^)(i + (V-)) + i 



(^)2 



E 



dx 



E 



(Ji,J2)eBfc 



|?/(x)|^ 



FJi — 2:j2 



+ 



1~ mm{l-A(a),Mi(a) + (i^)^} 



2/2* 



for every r g (0,ro). Smce A(a) < 1, from the above estimate it follows that we can choose 
r € (0,ro) sufhciently small such that estimate ([55)1 holds for r e (0,f) for some positive constant 
C = 'C[N, fc, a, /i, /, u) > 0. Estimate ([531), together with ^ and ([731), yields □ 



Lemma 5.6. Under the same assumptions as in Lemma \5.4\ let f be as in Lemma \5.5\ and V2 as 
in \8V\I . Then there exist a positive constant Ci >0 depending on N,q,Cf,Ch,C',f,\\u\\]^ci(^Bf.) o.iT'd- 
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a function g G L^{0,f), a.e. in (0,f), such that 

N 



J\f{r 



for a.e. re (0,f) and 



a'{l-a) 



g(s) ds ^ '—^ r i 

1 — a 



for all r € (0, f) and for some a satisfying ^ < a < 1. 
Proof. From dHl) and (1831) wc deduce that 



(2/i(a;) + V/i(x) • x)\u{x)\'^ dx 



dx 



E 



(Ji,j2)eefc 



Br. \XJi - XJ,,\ 



and, therefore, for any r € (0, f). we have that 



(85) 



J^ {2h{x) + Vhix) ■ x)\u{x)\'^ dx 



Jgg \u\^dS 



2C\C r 



= 2ChC r 



.-l+e 



D{r) + ^H{r) 



H{r) 



Af{r 



N -2 



By jFj, Holder's incquahty, and ([55|) . for some constant const = const (Af,C/) > depending on 
Cf, and for all r £ (0, 7~), there holds 



{{N - 2)/(x, u{x))u{x) - 2NF{x, - 2V^F{x, u{x)) ■ x) dx 
sC const / {\u{x)f + \u{x)f*) dx 



^ const 



^ const 



l{x)\'^ dx j 



2_ 2{q-2* ) 

/Ld]\l—l\N 2 {^N—l\ 2{q-2 ) ||2*— 2 



V N 



N 



r 1 \u\ 



and hence 

/s, ((^ - 2)/(a;, M(a:))M(a;) - 2iVF(2;, u{x)) - 2VxF{x, u{x)) ■ x) dx 



(86) 



/as,, 



^ const C ^ 



s 2_ ^ , , 2(<;-^ ) 

l\iV_22l /WAT^lN 2V, 2* 



X r 



-1+2(2^ ^^^^^^ ^ 



[AA(r) 
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Let US fix ^ < a < 1. Then, by Holder's inequality and ([83 



(87) 



|u(a;)p dx 



Br 



V N 



N 



ILi{Bf 



Af{r) 



N -2 



N -2 
D{r) + ^—H{r) 



\^dS 



dBr- 



for all r S (0, f), where /? 



(a - ^) > 0. From JFJ, (gT]), and there exists some 



const = const (A^, q, C/) > depending on N,q,Cf such that, for all r G (0, f), 



^ /as, (2F(a;,u(a;)) - f{x,u{x))u{x)) dx 



^ const r 



IdB, 

U{r) + ^ 



/ |u|2dS' 



^ const r 1 



const f UN-l ^^^ 2'{a-^) 



N{r) 



N -2] 



By a direct calculation, we have that 

r-^Jg^lufdS 1 



(89) 



(/bJ"(^)I^ 



'dx 



1 — a 



rn / \u{x)fdx] ]~Pr 



in the distributional sense and for a.e. r £ (0,f). Since 



lim r 



we deduce that the function 



is integrable over (0,f). Being 



-1+13 



1-Q 



|u(x)|"dx) =o(r-i+^) 



as r O"*", we have that also the function 



|u(x)p dx 



l-a 



is integrable over (0,f). Therefore, by ((5^ . we deduce that 



(90) 



5('') 



eLi(0,f) 



/„ |u(a;)|2* 



|u(a:;)p dx 
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and 

(91) O^C / 9(,s)rf,s^ " 

Jo ' 1 - a 

for all r S (0, f). Collecting dHHl), and (HH), we obtain the stated estimate. □ 

Lemma 5.7. Under the same assumptions as in Lemma \5.4\ let r be as in Lemma \5.5\ and M as 
in \7^ . Then there exist a positive constant C2 > depending on N , q, Cf, Ch, C , f, 
M{f), £ such that 

(92) M{r) < C2 
for all r £ (0, f). 

Proof. By Lemma WM Schwarz's inequality, and Lemma [5.61 we obtain 



(93) ( AA+^ ) (r) ^ i.2(r-) ^ -Ci 



N{r) + ^ 



11 11 2(9-2*) 

r-^+' +r-^+^^ +g{r) 



for a.e. r S (0, f). After integration over (r, f) it follows that 

A^(0 {^f{f) + ^ ) cxp ic, (- + + / g{s) ds 



2{q-2*) 

for any r g (0,f), thus proving estimate □ 
Lemma 5.8. Under the same assumptions as in Lemma\5.4\ the limit 



7 := lim Af{r) 

r->0+ 



exists and is finite. 



Proof. By Lemmas 15.61 and 15.71 the function 1^2 defined in ([5T|) belongs to L^{0,r). Hence, by 
Lemma l5.4l and Schwarz's inequality, Af' is the sum of a nonnegative function and of a L^-function 
on (0, f). Therefore 



N{r)=JV{f-) - / N'{s)ds 

J r 

admits a limit as r -> 0+ which is necessarily finite in view of (|84p and □ 

A first consequence of the above analysis on the Almgren's frequency function is the following 
estimate of H(r). 

Lemma 5.9. Under the same assumptions as in Lemma \5.4\ let 7 :~ limr_j.o+ M{r) he as in 
Lemma I5.<^l and f as in Lemma 15.51 Then there exists a constant Ki > such that 

(94) H{r)s^Kir^'' for all r e {0,r). 

On the other hand for any a > there exists a constant A'2(ct) > depending on a such that 

(95) H{r) ^ 7^2 (ct) ^2^+" for all r € (0, r). 
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Proof. By Lemma \5M J\f' G i^(0,f) and, by Lemma [5Jl A/" is bounded, then from (|93)) and 
(IQTI) it follows that 



(96) Af{r) - 7 = / A/''(s) ^ -Cgr 



„5 



for some constant C3 > and all re (0,f), where 

97 = mm<£, [a ' 

with a as in Lemma 15.61 

Therefore by ^ and ^ we deduce that, for r £ (0, f), 



ff'(r) _ 2A[(r) . 27 „^ 

TtTT ~ ^ ^3 ' 

n-[r) r r 



which, after integration over the interval (r, r), yields (|94p . 

Let us prove (jHS)). Since 7 = limr_j.o+ A/'(r), for any cr > there exists > Q such that 
A/'(r) < 7 + a/2 for any r G (0, r^) and hence 

H(r) r r 

Integrating over the interval (r, rg.) and by continuity of H outside 0, we obtain (^5]) for some 
constant K2{(t) depending on a. □ 



6. The blow-up argument 

Throughout this section we let u be a weak i/^(f7)-solution to equation (IT51) in a bounded 
domain Q, C containing the origin with a satisfying ([7]), ((H]), h satisfying (|H)l . and / satisfying 
p^ . Let H and Z? be the functions defined in ([7T|) and ([71]) and f be as in Lemma [?751 

Lemma 6.1. For X € (0,f), /ei 
(98) w-^(x) 



Then there exists r S (0, f) depending on N, k, a, h, f, e, and such that the set 

(Q r) *s bounded in H^{Bi). 

Proof. From ((7^ it follows that J^^^ \w^\'^dS = 1. Moreover, by scaling and 
(99) / \Vw^{x)\''dx- f '^^\w^{x)\^dx-X'' f h{Xx)\w^{x)\''dx 



, /(Ax, y/H(Xjw^ ix))w^ (x) dx = JViX) s; C2 

y/H{X) JBi 
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for every A G (0,f). By ((39|) applied to w'^ we have that 
(100) / \\7w^{x)\^dx^ 



-l^L\w\x)\' dx + AiaY-^ 



Bi 



^ (1- A(a)) / \Vw^{x)\^dx. 



Moreover by CoroUarv 12.71 we have 



(101) 



/ h{\x)\w^{x)\Ux 

Bi 



\w^{x)\'' 



■ dx 



1 



N -k 
k 



k-2 



\Vw^{x)\''dx + 



2{N -2) 
{k-2Y 



\wH''dS 



From ([F]), Holder's inequality, Lemma [2.91 and Lemma [2^ 

A2 



(102) 



/(Ax, ^H{\)w^{x))w^{x) dx 



Bi 



Bi 



' u]N--l\ — \2 , \2 



^CfX' I \w^{x)\''dx + CfX^{H{\))^-' I \w^{x)f dx 



N 



\w^{x)\' dx 



Bi 



Bi 
2/N 



w^{x)\^' dx 



N \\ N 



X' + 



Cf 



i(a;)p dx j 



^Ig-a") 2(9-2-') 



Bi 



Bi 



1^ A/ ,W^(.t)P 



2/2* 



dx 



C^((7V_2)2 + 4) 



^iv(iV-2)2 



2(g-2-') 



ILi{Br)\ N 



\Ww^{x)\^dx 



, ^'-"/ f x2 , II ||2 -2 i- ^JV-l 'i gw X 



From dnSmnH), we deduce that 



1 - A(a) - ChX' 



2 



C/(XiV~2)2 + 4) 

^Ar(^-2)2 



N -k 

k ) ) \k~2^ 

1 



TV - 2 

<c;C2+A(a)^— + C/,A' 
, 2C7/ 



|V«7''(x)|^fix 



Si 



AT - fc^^^^ 2(iV- 2) 
k 



Sn{N - 2) 



(fc - 2)2 

! ( 
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for every A G (0, f), which impHes that {w'^j^gfo,?) is bounded in H^{Bi) if r is chosen sufhciently 
smalL □ 

In the next lemma we prove a doubling type result. 
Lemma 6.2. There exists C4 > such that 

(103) TrH{\) < H{R\) CiH{\) for any A G (0, f/2) and R G [1, 2] , 

(104) / \\/w^{x)\^dx^2^-^C4 I \\/w^^^{x)\^dx for any X e {0,f /2) and R e [1,2] , 
and 

(105) / \w^{x)fdxi^2^C4\ \w^^(x)fdx for any X e {0,P/2) and R e [1,2] , 

where is defined in i98\) . 

Proof. By (gll), and (I82|), it follows that 

N~2 H'{r) 2N^ 2C2 . 

Let i? G (1,2]. For any A < f/R, integration over (A, RX) and the fact that R ^ 2 yield 

2^-^H{X) < H{RX) 4^^-H{X) for any A G (0, f/i?). 

Since the above chain of inequalities trivially holds also for i? = 1, the proof of ()103p is complete 
with C4 = max{4'^^2^-2}. By scaling and (fT03| . we obtain that, for any A G (0,f/2) and 
i?G [1,2], 



[^w^{x)[^dx^'-—— I [Vu{x)['''dx 

= RN-2^[(^ f |V«;«^(x)|2dxS;i?^"2C74 / [Vw''\x)[^dx, 

thus providing (|104p . In a similar way, (|105p follows from (|103p by scaling. □ 

Lemma 6.3. For every X G (0,f), Ze< as m \9^). Then there exist Af > and Aq > such 
that for any X G (0,Ao) there exists R\ G [1,2] such that 



[ [\7w^[^dS ^ M [ [\7w^{x)[^dx. 

JdBn. JBn, 



'dBa^ JBr^ 

Proof. Wc recall that, by Lemma [6.11 the set {w'^}Ae(o,f) is bounded in H^{Bi). Moreover by 
Lemma [6.21 wc have that the set {w^}\(z{Q^f/2) is bounded in H^{B2) and hence 

(106) limsup / |Vu;^(a;)|^(ia; < +CX). 

A-!-0+ J B2 

Let us denote, for every A G (0, f/2), 

fx{r) = / [Vw^{x)[''dx. 
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The function fx is absolutely continuous in [0, 2] and its distributional derivative is given by 

/aW=/ \Vw^\^dS for a.e. r e (0,2). 
Suppose by contradiction that for any Af > there exists a sequence A„ 0+ such that 

(107) [ \S/w^"\^dS > M [ \\/w^"{x)\^dx for ah r e [1,2] , 
which may be rewritten as 

(108) f'x^ (r) > Af/A„ (r) for a.c. r S [1, 2] and for any n e N. 
Integrating (|108p over [1,2] we obtain 

/a„(2) >e^^/A„(l) foranyneN. 

Letting n — >■ +oo we obtain 



This implies 



limsup/A„(l) s: er^' ■ limsup/A„(2). 



liminf /a(1) =^ e~*^ • limsup/A(2) for any M > 0. 

A^0+ A^0+ 



Using (|106p and letting M +oo wc infer 

liminf / \Ww^(x)\'^dx = liminf /a(1) = 0. 

Therefore, there exists a sequence A„ such that 
(109) lim / |Vu;^"(x)|2dx = 



n— >-+oo 



Bi 



and, up to a subsequence still denoted by A„, we may suppose that w^" ^ w in H^{Bi) for some 
w € H^{Bi). Notice that, for any A S (0,r), jgg^ \w^\'^dS = 1 and hence by compactness of the 
trace map from H^{Bi) into L^{dBi), it follows that jg^^ \w\'^dS — 1. Moreover, by weak lower 
semicontinuity and (jl09p . we also have 



/ |Vw(x)|2dx< lim / |Vu;-^"(a;)|2da; = 



from which it follows that w = const in B\. On the other hand, for every A G (0,r), 

(110) - l\w^{x) ~ — M_it;^(x) = A2/i(Ax) w^(x) + /(Aa-, v/i?(A)u;^(a;)) in Bf/A- 

ll(X) 
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For every (j) e H^iBi), by © and Holder's inequality, 
A2 



(111) 



s^CfX^ I \w''ix)\\<j){x)\dx + CfX^ I \u{\x)f~^\w^{x)\\(j){x)\dx 



2(11-2') 2{q-2*) 



= o(l) as A ^ 0^ 



and, by ([H]) and Corollary [2Jl 

h{\x) w^{x)(t){x) dx 



(112) A^ 



1 



N -k 
k 



k-2 



|Vw^(a;)pdx + 



iV-2 



1/2 



|V(7i(.T)Kdx 



1/2 



o(l) as A 0^ 



From (|llip . (|112p . and weak convergence w'^" w in H^{Bi), we can pass to the limit in piOp 
along the sequence A„ and obtain that u" is a _ff^(i?i)-wcak solution to the equation 

a(^) 

~Aw(x) ,^ w(x) ~ in Bi. 

Since w is constant in _Bi, this implies ui = in i?i which contradicts Jgg_^ \w\'^dS — 1. □ 

Lemma 6.4. Let and Rx be as in the statement of Lemma \6.S[ Then there exists M > such 
that 



|Vw^^^ \^dS ^ M for any < A < min |Ao, 



Proof. We have 



(Ai?, 



dBi tl{AH\) Jqb^ 

_i?3-^F(A) A^ 



\2 D3-Af 

\^u{\Rxx)\''dS{x) - ^ 



\\/u{Xx)\^dS{x) 



\\/u{Xx)\^dS{x) 



and, by (jl03H104)) . Lemma 15751 Lemma [Ol and the fact that 1 ^ R\ ^ 2, we finally obtain 



dBi 



Vw'-''>-\^dS s$ C4Af / \\Iw'-{x)Ydx ^ 2'^-^CiAf / \V w''''''' {x)Y dx ^ Af < +oo 



Bi 



for any < A < min {Aq, §}, thus completing the proof. 



□ 
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Lemma 6.5. Let u be a weak H^[il)- solution to il3\) . u ^ 0, in a bounded open set ft C M.^ , 
N ^ 3, with a satisfying ^ and h satisfying ((H|) . and f satisfying ([F]). Let 7 be as in 

Lemma \5.8[ Then 



(i) there exists fco G N such that 7 = — -^^j-^ + y ("^^2^) + P-kaio); 

(ii) for every sequence A„ -> 0+, there exist a subsequence {\nk\k&i and an eigenfunction ip of 
the operator — Agjv-i — a(9) associated to the eigenvalue fJ-koio-) such that ||'0||L2(gN-i) = 1 
and 



strongly in H^{Bi). 



Proof. Let A„ — ?> 0+ and consider the sequence ty"^"^^" as in ([M]) and R\ as in Lemma [^31 By 
Lemmas l6.1l and [6.2[ we have that the set {w"^^^ }>g (0.^/4) is bounded in H^{B2). Then there exists 
a subsequence w^"'''^'""'' such that u;'^"'=^^"fc w in H^{B2) for some function w G H^{B2)- Due 
to compactness of the trace map from H^{Bi) into L^{dBi), we obtain that /^^^ jwpdS' = 1. In 
particular w ^ 0. Furthermore, weak convergence and aUow passing to the weak limit 

in the equation 

(113) - Au;^"^^-". (x) - ^y;^"-^^-". (x) - Xl,Rlh{Xn,R^„^x) w^"-''^"^ (x) 

\x\ 



which holds in a weak sense in Bf/{\,^^Rx ) ^ B2 thus yielding 

a(fT) 

(114) - Aw(x) - —^w(x) ^ in B2. 



From Lemma and density in H^{Bi) of C°°(i3 i)-functions whose support is compactly included 
in Bi \ S with E defined in ©, it follows that, for all (/) € ^^(Bi), 

(115) / fvw^"""'"^ (x) ■ V(/)(x) - '^^w^"^^'"^ ix)(t>ix)] dx 



A^^i?^„_ / /i(A„,i?A,.,x)u;^"-^-".(x)0(x)dx+ / — q^dS 



Bi JdB 



V 



/(A„,i?A,., a-, y'H(A„, i?A„ J (x))0(x)dx. 
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We notice that from ^ it follows that 7 ^ Then, by ^ and (p4)) . 



A2 



x/ff(A) 



/(Ax,yg(A)z^^(x)) 



A2 



A/„m2*-2 



< const fl + \w^{x)f-'^^ 



for all A e (0, f). Hence, if s = 2^ > with q as in ([70]), from ([SS]) and Proposition |3?T1 we 
obtain that 



A2 /(Aa;,/ff(A)^'^(a:)) 



W'*'(a;) 



L = {B2 



^ const 1 + A2(iJ(A))' 



1/. 



const 1 + A 



\u{x)\idx 



0(1) 



as A — >■ 0+. Therefore from classical Brezis-Kato [S] estimates (see also Theorem 8.6 part i)), 
classical bootstrap and elliptic regularity theory, there holds 

for any r S (0, 1), which in particular yields 



(116) 



^ ^ in C°':(5Bi \ S) and a.e. in 
Of ov 



From (|116p and Lemma [6. 4[ it follows that 
(117) 



dv 



^ weakly in L^(dBi). 
ov 



Passing to limit in pisp and using (|117p and (|111H112"1) . we obtain that 



(118) 



\Jw{x) ■ W(j){x) 



w{x)(f){x) ] dx ~ I -^(jydS. 



dBi 



dv 



Subtracting (jllSp from (jlisp . choosing 
Corollarv l2.81 we obtain that 

(119) w^"*"-^^"/. ^ u; mH^{Bi). 

For every fc e N and r € (0, 1), let us define 

Dk{r) 



y^^nfc-f^^nfc _ ^^(1 argulug as in ()111II112"| and 



„N-2 



Vu>'='"^^"<o (x) 



2 a(-ri) N „ 



2 l^^"-.--... (x)p - A,2,^i?^ /,(A„,i?,„^x)|«;'"'=^'^". (x^ 



■f^(A„fci?A„ ) 



/ (a™. i?A„, X, ^/HiX^RZjw^"" "^-^ (x)) u;^"- ^^"^ (x) 
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and 

We also define 

(120) D^r) 

and 
(121) 



,N-1 



..^n.,Rx 



dBr. 



r.N-2 



( X \ 

|Vu;(x)|'- ^Jp-|«;(x)|2 



'dS. 



dx for all r e (0, 1) 



„N-1 



dBr 



Using a change of variables, one sees that 



(122) 



A4(r) 



' dS for all r G (0,1). 



:A/'(A„,i?A„.r) for all r e (0,1). 



From ([TUT]) . ([TU^ . and pl^ . it follows that, for any fixed r e (0, 1), 
(123) Dkir)^D^{r). 

On the other hand, by compactness of the trace embedding H^(Br) ^ L^{dBr), we also have, for 
any fixed r G (0, 1), 



(124) 



From Lemma 12.61 and classical unique continuation principle for second order elliptic equations 
with locally bounded coefficients (see e.g. |33]) applied away from the singular set E, it follows 
that D^{r) > -^H^{r) for ah r € (0,1). Therefore, if for some r G (0,1), H^{r) = then 
Du,{r) > 0; passing to the limit in (|122|) and using (|123p - (|124|) this should give a contradiction 
with Lemma \5M Hence Hw{r) > for all r G (0, 1). Thus the function 



is weU defined for r G (0, 1). This, together with (|T22l) . (fT23l) . (fm)) . and Lemma Ell shows that 
(125) N.^{r) = lim M{Xn,Rx„^ r) = 7 

for all r G (0, 1). Therefore Afw is constant in (0, 1) and hence Af^{r) = for any r G (0, 1). Hence, 
by (jll4p and Lemma with /i = 0, / = 0, we obtain 



This shows that w and ^ have the same direction as vectors in L {dBr) and hence there exists 
1] = r]{r) such that 

(126) -:^(r,e) ='n(r)w(r,e) for a.e. r G (0, 1), 61 G §^"^ 

ov 
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Testing the above identity with 'w{r,9), we have that necessarily 7y(r) = 2ff" '^(r) implying that 

77 G Lioc(0, 1). Moreover, since w G Ci^^jBs \ S), identity ([T26| also holds, for all 9 G §^~i \ S, in 
the sense of absolutely continuous functions with respect to r and, after integration, we obtain 

(127) w{r, 0) = eJ'i ''("''^''^(1, d) = ip{r)ij{e) for all r G (0, 1), 6e \ S, 

where <p(r) = e^i -^'^'^'^'^ and 7/'(6l) = w(l,e'). Since 

a(|fT) 92^^ TV-iaiy 1 

-Aw [— r5~^ === — ^ + -^^aW, 

\xr or'^ r or 



then (fT27)) yields 



Taking r fixed we deduce that -;/' is an cigcnfunction of the operator L^. If [ik^{a) is the corre- 
sponding eigenvalue then <^{r) solves the equation 

-if (r) ip{r) + 2— = ^ 

r 

and hence ip{r) is of the form 

= cir '"0 + C2r ''0 

for some ci, C2 G M, where 



+ , , ^ _ iV-2 UN -2^ 
< ^ + Y ( ) + W and dj^^ ^ W ( I + Mfeo(a)- 

Since the function j^Ti (l^^r^o ^(^)) ^ L^{Bi) for any J G A and hence |x|'^^"o V;( |f| ) ^ H\Bi), 
then C2 = and </5(r) = ar'^'^o . Since ^{1) — 1, we obtain that ci = 1 and then 

(128) w{r, 9) = r'^'^o VX6'), for all r G (0, 1) and 9 G §^"^ \ S. 

Consider now the sequence w^"-'' . Up to a further subsequence still denoted by 7/;^"*= , we may 
suppose that w^"*: w for some w G H^{Bi) and that -Ra„j. ^ for some i? G [1,2]. 

Strong convergence of w^"'''^^"'' in H^{Bi) implies that, up to a subsequence, both 
and |Vw''*"'='^'^"*: | are dominated by a L^(Bi)-function uniformly with respect to k. Moreover by 
(|103p . up to a subsequence we may assume that the limit 

I := lim ; 
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exists and is finite. Then, by the Dominated Convergence Theorem, we have 



lim / w "fc {x)v{x) dx — lim i?^ / w (_Ra„ x)v{Rx„ x) dx 

fe— > + cxD J fc— > + oo "fc 



i/Ha„ 



hm RlAl ^t:"^':"' I ^B,,n, {x)w'-^^>-^^.{x)v{Rx^^x)dx 



= Vl / XB-^^jfix)w{x)v{Rx) dx = R^ Vl / w{x)v{Rx) dx — Vl / w{x/R)v{x)dx 

for any ?; S C°°(]R^) with suppw C Bi. By a density argument, it foUows that the previous 
convergence also holds for all v G L?[Bi). This proves that w^"k y/lw{-/R) in L^{Bi) (actually 
weakly in H^{Bi)) and in particular w = \/lw{-/R). Moreover 

lim / iS/w^-'-ix)]^ dx = lim i?f / |Vw^"fc (i?A x)\'^dx 



/ XB,,T^{x)\Vw{x)\^ dx ^ R^ I \\/w{x)\^dx^ I \VlViw{x/ R))\^ dx 



Bi "'^i/n "'^i 

This shows that w^"'' W = ^/lw{-/R) strongly in H^{Bi). Furthermore, by (|128p and the fact 
that Jg^^ \w\'^dS = Jg^^ \w\'^dS = 1, we deduce that w = w. 

It remains to prove part (i). By (|128p and /gjv^i \'ip{0)\'^dS = 1 we have that 

_ +Mfco(a)^Ar+2(<x+ -1) _ + N+2« -1) 



fco 



^ + 2K -1) 



and 



Therefore, by p^ . and it follows 

This completes the proof of the lemma. □ 
Let us now describe the behavior of H{r) as r — > 0"*". 
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Lemma 6.6. Under the same assumptions as in Lemma \5.4\ and letting 7 := lim,,_j,o+ -^('') ^ ^ 
as in Lemma \57R the limit 

lim r^^^ H{r) 

exists and it is finite. 

Proof. In view of (|94)) it is sufficient to prove that the limit exists. By (|7ip . ((82)) . and Lemma [5751 
we have 

dHp_ ^ „27r-2^-ii?(r) + r-^^H'{r) = 2r-'^'^-\D{r) - 7i?(r)) = 2r-'^-^-^H{r) f J\f'{s)ds. 
dr r Jq 

Let z^i and 1^2 be as in (|80| and (|8T|). After integration over (r, f), 

(129) ^^-^^^J^ 2s-^^-^H{s)(^J^ vi{t)dt^ds + 2s-^^-^H{s)(^J^ V2{t)dt^ ds. 
By Schwarz's inequahty we have that i'i{t) ^ and hence 

hiri^^ 25-27-1^(5)^^ jy^{t)dt^ds 
exists. On the other hand, by ([M]). Lemma [5761 and (|92)) . we deduce that 

1 I 2(<;-2*) 
9 

|2*(l-a) 

e ' 2(g-2*)" ' ' f -a 

for all s e (0,r), which proves that s~^^~^H{s) (J^ j/2(i)<it) € L^(0,r). We may conclude that 
both terms in the right hand side of (|129p admit a limit as r 0+ thus completing the proof of 
the lemma. □ 

The next step of our asymptotic analysis relies on the proof that limr_j.o+ r^'^'^ H{r) is indeed 
strictly positive. In the sequel we denote by -0^ a L^-normalized eigenfunction of the operator 
La = — AgN-i — a associated to the z-th eigenvalue fJ.i{a), i.e. 

Moreover, we choose the V'i's in such a way that the set {V'ilieN forms an orthonormal basis of 

L2(§W-1). 

Let u be a nontrivial weak if^(n)-solution to ([T^ . From Lemma [6.51 we deduce that, under 
assumptions ([7|), (|12p . and pJHF|) . there exist jo,m G N, jo, m ^ 1 such that m is the multiplicity 
of the eigenvalue /ijo(^) = y"io+i('^) = • • • = and 



^^^-'His) (^j\2{t)dt^ ^i^lCi(C2 + y).S-l^' 



git) dt 



^ K,C, [C2 + -) s-^ ( + , + """""^"^ ,^(-^) 



A^-2 UN-2"-^ 



(131) 7 = = 5 — + y y — 2 — ) ^ * = -^0' ■ • ■ 'Jo + - 1. 

Let £0 be the eigenspacc of the operator La associated to the eigenvalue ^jg{a), so that the set 
{'!/'i}i=jo,- - jo+m-i is an orthonormal basis of £o- 
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Lemma 6.7. Let fl C M^, N ^ 3, be a bounded open set such that G fl, a such that ^ and 
MS]) hold, and h, f as in i fHl fF]) . If u is a weak H^{yi)- solution to M3\) . then 

sup < +00, 

i=jo,...,30+m-l, JeAk, ^^N-2+5+y 
(Ji,J2)GBfc, AG(0,r) 

where f is as in Lemma \6. 1\ and 5 > is defined in |ff7| ). 

Proof. From Lemma 16.11 and Corollary 12. 7[ it follows that, for some positive constant C5 
independent of A, J, (Ji, J2), and i, 

{\xj\-'+' + \xj, - xj,\-'+')\w\x)\\^P,{f^)\dx ^ C, 

for all I = jo, . . . , jo + "1 — 1, J e Ak, {Ji, J2) <= Bk, and A G (0, f), where is defined in ([98]) . 
Moreover, arguing as in (|llip . by (IWl) . we have as A ^ 0+ 

A^ P * 
-j== / \fiXx,uiXx))\\i^,{f^)\dx^CeX-^ =0{\') 

where Ce > is a positive constant. The conclusion follows from ([M)) and a change of variable. □ 

Lemma 6.8. Let Q C , N ^ 3, be a bounded open set such that G fi, a satisfy ^ and 
and u ^ be a weak H^{Vl)- solution to /i, / satisfying (|HHF|) . Lei 7 := limr^o+ -^(^) 

&e as m Lemma \ 5.^ and jQ,m G N as in ilSl]) . i.e. m is the multiplicity of the eigenvalue 
/ijo(a) = /ijo-i-i(a) — ■ ■ ■ — /ij,-,+m-i(a) and U31]) holds for all i = jo, . . . , jo + m — 1- Then the 
function ifi defined as 



(132) ipi{X):^ u{Xe)^,{e)dS{e), with ^Pi as in [IM 
satisfies, as A 0+ , 

(133) (p.(A) = A^ (^i?->.(i?) + £ s-^+i-''T,(s)ds 



7i? 



-JV+2-27 /--R 

S 



''-^T,(s)ds^ +0(A''+'^) 



2 - TV - 27 

for every i G {jo, . . . , jo + m — 1} and R > such that Br C fi, where 5 is defined in ( [ff?] ) and 

(134) T,{\):= (h{x)u{x)+f{x,u{x)))^,(^^^dx. 

Proof. Let i? > be such that 'B^ cfl. For any A G (0, R), we expand 6* H> u{Xe) G ^^(gAf-i) 
in Fourier series with respect to the orthonormal basis {ipi} of L^(S^~^) defined in (|130p . i.e. 

00 

(135) u{Xe)=J2^'^WM0) inL2(§^-i), 
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with (J?, is defined in (|132p . On the other hand. '^^'^ + \x ~ x j^] ^^^)u'^{x) dx < +00 for 

all JeAk and (Ji, J2) £ Bk by Corollary[2Jl hence JsN-i{\dj\~^^' + \0.h - OjJ-^+'')u^{Xe)dS{0) 
is finite for all J e ^fe. (Ji, J2) G Bk, and a.e. A e (0, i?), which, together with Lemma [2?T1 implies 
that ^ h{\e)u{\B) G H-^{§,^-^) for a.e. A e (0,i?). Moreover, by jF]), it is also easy to verify 
that e ^ f l\e,u{\e)) e H-^{E>^-'^) for a.e. A G (0,i?). Therefore, we may write 



(136) h{\e)u{\6) + f{\e,u{\e)) ^^Q{X)^Ij,{6) in i/-i(S^-i) for a.e. AG(0,i?) 



i=l 



where 



(137) C»(A) = H-i(s"-i)(/i(A-)w(A-) + /(A-, w(A-)), ^.)hi(s«-i) 

^/i(A 6I)m(A 9) + /(A 6*, m(A 9))) iIj,{9) dS{9). 



We notice that, in view of Remark 13.21 Q G -^ioc(Oi R) ^-nd 

(138) A^-iG(A) = T^(A) a.e. in (0,i?), 

where is defined in (|134p . Since u solves (|13p . by (|130p we obtain that, for any i G N, ipi solves 



'(p'l{X) — ^ ^ Lp[{X) + ^'/r^ y»(-^) = Cil-^) in the sense of distributions in (0, i?), 
A A 



which can be also written as 



^^w-i+2<T. (A-'^'(/3,(A))'y = X^-^+^X.iX) in the sense of distributions in (0, i?). 



where 



Hi{a). 



Integrating by parts the right hand side and taking into account (|138p , we obtain that there exists 
Ci G K such that 

(A-^-V',(A))' = -A-^+i-^'T,(A) - ^,A-"+i-2.. 1^^^ ^ j\-'"^T,{s)ds^ 
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in the sense of distributions in (0, i?), thus implying that ipi e Wl^l{Q,R). A further integration 
yields 

(139) (^,(A) = A'^' (r-"^^,{R) + I s-^+i-"'T,(s)ds 

















-r 









s 



2 - iV - 2cr,- / 2- N - 2a, 



2-N-2aJ^ 2-N-2aJ^ ' 



/ O AT ^ rr ^ T>-N+2-2ai 

= A^' ( R-^^if dR) + , , ~ ^ / 5-^+1--- T,(s)ds + '^f^^^ ^ 
^ Y-u ; 2-iV-2criA 2-iV-2cr,: 



N -2 + 2(7, 

Let jo, m e N be as in (|13ip . i.e. m is the multiplicity of the eigenvalue 

Mio(a) = Mio+i(a) = ■ ■ ■ = Aijo+™-i(a) 

and 

(140) 7= lim 7V(r) = CT,, i = jo, . . . , jo + m - 1, 



see Lemma [6.51 The Parseval identity yields 

^ oo 

(141) H{\)^ \u{X6)\^dS{e)^y\ip,{\)\^, for all < A s; ii. 
From Lemma [6.71 it follows that 

(142) T,(A) = 0(A"-2+A-+^.) for every is {jo,..., jo + m-l} as A ^ 0+. 
From (|142p . it follows that 

(143) s s-^+i-'"'Tj(s) e Li(0,i?) foreveryie {jo,...,jo + TO-l} 
which yields 

(144) A-^(«-.v.W + |^|^/ --""-"^■")''-+ 2 «-2^ ) 

= 0(A"') = o(A-^+2-'^^) 
for all i € {jo, . . . , jo + m — 1} as A 0+. From p42p . it also follows that 

t ^ f'^-^Tiit) e L^{0, R) for every i e {jo, . . . , jo + m - 1}. 



44 



VERONICA FELLI, ALBERTO FERRERO, AND SUSANNA TERRACINI 



From 1^ e L?{Br), we deduce that 

r^'^'^ipi(r) dr < +00. 



\x\ 

rR 



Then, since jj^ r^-3(^-A^+2-^. )2 ^ ^^^^-^ ([T39| and ([Ml]) it follows that 

nR 

C^+ / i"--lT,(t)dt = 

Jo 

and hence 

/ 9 — N — rr rr T}-N+2-2ai rR 



N-2 + 2ai Jo 
On the other hand, from (|142p it follows that 



/ r'-iT,(t)dt = Ci(A'^'+'') asA^O+ 
"'0 

for all i € {jo, . . . , jo + m — 1}, thus completing the proof. □ 



Lemma 6.9. Let ft C K^, N ^ 3, be a bounded open set such that G 51, a satisfy ^ and U2\) . 
and u ^ be a weak (ft) -solution to U3\) . with h,f satisfying ([HHF| . Then 

lim r-^''H{r) > 0. 

r->0+ 

Proof. Let i? > be such that Bfi C and jo, e N as in (|13ip . We argue by contradiction 
and assume that limA-->o+ X~'^'^H{X) = 0. Then, letting (fi as in (|132p . (|14ip implies that 

(145) lim A"''v3i(A) = for alH e {jo, • ■ • , jo + - I}- 
From Lemma [6.81 (|143p . and ()145p . we deduce that 

for all i £ {jo, . . . , jo + m — 1}. Hence (|133p can be rewritten as 

(146) ^^(A) = -|— i)^A^ /\-^+i-^T,;(s)ds + 0(A^+^) as A ^ 0+ 



2 - AT - 27 

for aU i e {jo, . . . , jo + m - 1}. From (|146p . (|140p . and (|142p . we infer the estimate 

V3,(A) 0(A''+*) asA^O+, for every i e {jo, . . . , jo + m - 1}, 
namely, setting u^{0) — u{X9), 

(M^,-0j)i2(gjv-i) = 0(A''+'') asA^O+, for every i e {jo, . . . , jo + TO - 1}, 

and hence 

(^.\V)L2(g«-i) = 0(A'^+*) asA^O+, 
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for every ip G £o, being £q the eigenspace of the operator La associated to the eigenvalue fj,jg{a). 
Let w^{e) = {H{X))-^/^u{Xe). From there exists C{S) > such that > C((5)AT+i 

for A smah, and therefore 

(147) = 0(A*/2) = o(l), as A ^ 0+ 

for every ■0 € £o- From Lemma 16. 5[ for every sequence A„ — > 0^, there exist a subsequence 
{A„^. }jgN and an eigenfunction ip Cz Sq such that 

(148) / \^{e)\^dS^l and w^"^ ^ in L2(§a^-1). 

From p47p and (|148p . we infer that 

0= hm ,V')i2(s«-i) = = 1, 

thus reaching a contradiction. □ 
Combining Lemma |6. 51 vifith Lemma 16.91 we can now prove Theorem ll.il 

Proof of Theorem ll.il Identity ((TS|) fohows immediately from Lemma 15751 As in the statement 
of the theorem, let m be the multiplicity of the eigenvalue ('j) found in Lemma [5751 jo S N \ {0}, 
such that jo < fco ^ jo + m - 1, /^jo(a) = Mio+i(a) = ■ ■ ■ = Aijo+m-i(a)> and 7 = limr^o+ A/'(r). 

In order to prove let {A„}„gN C (0,c>d) be a sequence such that A„ 0+ as n — > +00. 

Then by Lemmas 16. 5[ 16. 6[ and 16.91 there exist a subsequence X„^ and /3j„ , . . . , /3j(,+m_i G K such 
that 

jo+m-l , V 

(149) X-''u{Xn^x) ^\x\^ V /3«0, ^) mH\Bi) as j ^ +00 
and (/3j„,/3j„+i,...,/3jo+„,_i) 7^ (0,0,..., 0), which implies 

jo+m-l 

(150) A,77m(A„^.61) ^ ^ ftV'«(f) inL2(§^-i) as j ^ +00. 

i=jo 

We now prove that the /3i's depend neither on the sequence {A„}„gN nor on its subsequence 
{A„^}jgN- Let us fix i? > such that Bj^ C fl. Defining (pi as in (|132p . from (|150p it follows that, 
for any i = jo, . . . , jo + TO - 1, 

(151) K]v^[K)= ^^\^MO)dS{e)^ V / M0)M0)dS{e) = 

as j — > +00. On the other hand, from Lemma 16.81 it follows that, for any i — Jq, . . . , jo + m — 1, 



A->.(A) ^ i?-V.(i^) + 2 _ jv - 27 i, ^'^+^'^T,(g)dg- ^_^_^^ s^-iT,(s)ds 
as A ^ 0+, with as in (|134p . and therefore from (|15ip we deduce that 

for any i = jo, . . . , jo + to — 1. Integration by parts and (|138p allow rewriting the above formula 
as in ()17p . In particular the /3i's depend neither on the sequence {A„}„gN nor on its subsequence 
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{A„s.}A:gN, thus implying that the convergence in (|149p actually holds as A 0+ and proving the 
theorem. □ 

7. Asymptotic behavior of eigenfunctions 

We describe the asymptotic behavior of eigenfunctions of the operator La = — Agw-i — a near 
the singular set of the function a. Actually, for simplicity we study the asymptotic behavior of 
eigenfunctions near the south pole as an application of Theorem II . II after a stereographic projection 
of E>^~^ onto R^~^ with respect to the "north pole". 

Throughout this section we assume that 3 ^ fc ^ iV — 1 and that a satisfies (O and ([T2|) . Note 
that ii k = N then a is constant and hence the eigenfunctions of La arc smooth. 

By Lemma 12.21 the spectrum of La consists of a diverging sequence of eigenvalues (a) < 
M2 (a) ^ ■ • ■ ^ Mn (i) ^ . . . each of them having finite multiplicity. 

Let /ii(a) be an eigenvalue of La and let ijj £ H^{E>^^^) be a corresponding cigenfunction, i.e. 

(152) - Asn-iiIj{0) ^ a{0)'ijj{0) ^ ^l,{a)'lP{e) m§^~\ 

Let n : S^~^ \ {ejv} M.^~^ be the standard stereographic projection with respect to the "north 
pole" . Here by cn, we denote the vector (0,0,..., 0, 1) € M.^ . 
Let : R^~^ — >■ M be the function given by 

(153) (b{y) - J for all y e M^-^. 

If 6* e §^-^ \ {e^} and x, z e TeS^^^ (by TgS'^-^ we mean the tangent space to S^-^ at 6), then 

where the vector space Tn(e)K^~^ is identified with R^^^. In the following lemma the equation 
satisfied by the projection of ip is deduced. 

Lemma 7.1. Let 3^A:^iV— l,a satisfy ^ and I112\} . and let 11 and (j) he respectively the 
stereographic projection with respect to the north pole and the function defined in Iil5!^) . Let ^i{a) 
he an eigenvalue of the operator La and let tp G H^{S^~^) be a corresponding cigenfunction. Then 
the function 

(154) ipiy) := i(j>{y))^ ^(Il-^y)) 
belongs to 'D^-'^{M.^^^) and weakly solves 

(155) - A4,iy) - i,{y) = hiy)^P{y) 



\y\ 



where b and h are defined by 



(156) b{.)^ E E lTT^^' Van,a.e§^-\Si, 

where 



/ r — W 7, — <^ 7o 



El :={(wi, . . . , ujN~i) € S^"^ : = for some J e A^^^} 

U {{iui, . . .,LJN-i) e S""-^ : uj, = ujj, for some (Ji, J2) G Sf"^}, 
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-4f-i={jC{l,2,...,iV-l}:#J = fc}, 
>3k''^ {{Ji^ J2) e A^-' X A^-': Ji n J2 = 0, Ji < J2}, 

and 



/or a.e. ?; G M^^^, where for any (Ji, J2) G S^, rifc = maxJi, — maxJ2; a?^'^ for any 
J = {ni, . . . G Ak- 7ii < 7i2 < • • • < rifc, we denote J' = J \ {rik} E Ak~i- 

Proof. The conformal laplacian on §^^^ is given by 

(jV-3)(jV-l) 
-Agjv-i H , 

while, since has zero scalar curvature, the conformal laplacian in coincides with the 

usual Laplace operator. Then for any function rj G C^(§^^^ \ {bn}) we have 

(158) - A,.-.rm + (^-^)]^-^^ (^) = ^ A(0^ • i, o n-)) 

for every g S^^^ \ {bat}. For the definition of the conformal Laplacian and for a proof of (|158l) 
see [m §3] or ^ (1.2.27)]. 

We claim that the function tp defined in (jl54p belongs to I?^'^(]R^~^) and weakly solves 

(159) - A^iy) - <l>{y)a{n-\ymy) = ( i^L^^^L^ + ^,,{a)] <l>{y)^{y) - "^-^ 



m . 



I.e. 



VV'(y) ■ Vu(y) dy - / (?!'(y)a(n {y))ip{y)v{y) dy 

(^-3)^7V-1) ^^^^ A /• for all e I?i'2(jgyv-i)^ 

Indeed by (|158p . integration by parts, and the change of variables y := Il{9) G M^^^, for any 

vi,v2€ C;?°(R^-i) we have 

(160) 



Vt.i(y) • V«2(y)dy = / (Vs«-iu;i(0) • Vs«-iu;2(0) + ^-^^^^^^^^wi{e)w2{e)) dS{e) 



iV-3 



with Wj{e) = (?i(n(6')) — —Vj(Il{e)), j = 1,2. Moreover 
(161) / viiy)v2iy)cj){y) dy = [ wi{e)w2{e) dS{9) 
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and 

(162) / a{n-\y))v^{y)v2{y)(jy{y)dy = f a{e)w,{9)w2{9) dS{9) 

with wi,W2 as above. By density, (|160l - |162")) actually hold for any vi,V2 G 2?^'^(R^~^) and hence 
the claim follows. 

We now write the function a(n^^(y)) in a more explicit way. We recall that the function 

: M^-i ^ S^-i is given by 

where we identified M^"-'^ with the subspacc of M.^ of all x = {xi , . . . , xn) G such that xj^ = 0. 
Therefore for any 9 € S^^^ \ {cn}, if y = (j/i, . . . ,yN-i) = n(6'), we have 



V 




\y 


^+i) 


\v 






4 
12 1 



if e J . 

Hence, for every J e 

and, for every (Ji, J2) G 'Bfe, with Ji = {711, . . . , n^} and J2 = • ■ ■ 7 "ifc}, 

' |yJi - yjj', if ^ Ji U J2, 

4|yj!"a,,'l' + (|y|'-l-2y„j2 



(163) I^Ji-^jJ =<! 

By p63p we obtain 



if e Ji \ J2, 

(|^|2_n)2 , if G J2 \ Ji . 



4|yj;-y.7^l''+(|y|"-i-2y„j 



(164) ^(y)a(n-(,))= E ^+ E ^f?t7p 



.e.?... + (lip - 1)^ + (,,,,,),£,,,v.2 -Vr^?^M^-^- ^^Z" 



+ E 



The conclusion follows from (|163|) and (jl64p . □ 
According with (jlip we introduce the number 



(165) A(6) := sup 



|y|-26(y/|y|)i;2(y)dy 



„GPi,^(K«-i)\{0} / |V«(y)pdy 
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Lemma 7.2. Let S^fc^A^ — 1, a satisfy ^ and and let b be the corresponding function 

defined in (|156p . Then A{b) < 1 with A{b) as in I1165\) . 

Proof. Let v e C^{R^-^) and let w{e) ^ (/i(n(6l))-^w(n(6i)). Then by (1160111621) and ^ 
we have 

(iV-3)(7V- 1) 



\Vv{y)\'dy 



>(1-A(a)) 



\'Q^N-^w[B)\^dS(B) 



gJV-l 

2, 



0(2/)a(n-i(2/))|«(2/)|2dy 



a(e)\w{Q)\^dS(B) 



|Vsiv-iw(6i)|^dS'(6i) - A(a) 



iV-2 



gJV-l 



\w{())\^ dS{Q) 



(l-A(a)) 



|v«(y)pdr 



(iV-3)(iV-l) 



A(a) 



0(2/)k(2/)Pc?y 



and, in turn, 
(166) A(a) 



|V«(y)|2d2/ + A(a) 



iV-2y (7V-3)(iV-l) 



</.(2;)a(n-i(y))K,(y)pdy 



4 

Kvl\y\) 



i?(y)|«(y)pdy 



where = (?!)(j/)a(n ^(y)) — ^'■j'^i^l'^-' is bounded in a sufficiently small neighborhood of by 

(|164p . On the other hand if we define, for any (5 > 0, C M^^^ to be the open ball of radius 8 
centered at the origin and 



(167) C{b) := 



sup 



[(A(a) {^f - iE^mi^yiy) _ R^y)^^ \,^y)fAy 



«GC°°(R™-^)\{0} 



/ijiv-i \Vv{y)\^dy 

supp vGBs 

then C{6) -> as (5 ^ 0+. Therefore, by p66| . ([TFf| . and ([12]), we deduce that there exists 6i > 
such that for any 6 E (0,(5i) 



c~(R"-i)\{o} Jr«-i |Vi;(y)|^(iy t,ec-(K"-i)\{o} Jm"-i |Vw(y)Mrfy 

supp vC-B^ 



sup 



A(a) + C((5) < 1. 



□ 



The conclusion follows by density. 

By Lemmas 17.21 and 12.21 we deduce that the spectrum of the operator Lf, := — Asiv-2 — b on 
§^^^ consists of real eigenvalues with finite multiplicity ^ii{b) < ^2{b) ^ ■ ■ ■ ^ Hk{b) ^ 

Let h be the function defined in (|157p and, according with (fH)) . for any nontrivial I?^^^(R^~^)- 
solution 17 of the equation 



^Aviy) 



\y\' 



v{y) = h{y)v{y), 
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we define the corresponding Alnigren's frequency function by 



(168) Af^ 



[r] 



rls. {my)\' - '-^vHy) ~ Hy)vHy)) dy 
Jg^Jv{yWdS 



We are ready to prove the following asymptotic description of eigenfunctions. 

Proposition 7.3. Let S^^k^S^N— l,leta satisfy and let b and h be respectively defined 

in il56]) and ( [j57[ ). Let iii{a) be an eigenvalue of the operator La and let ip € H^{E'^~^) \ {0} be 
an associated cigenf unction. Let ip £ I?^'^(R^^^) be the corresponding function defined in ^T5^. 
Then there exists kg £N, ko ^ 1, such that 



N-3 UN-'S'-^ 



(169) lun^Af-r~,,ir) = — + J 1^ ] +;,~^(6). 



Furthermore, if 7 denotes the limit in I1169\) . m ^ 1 is the multiplicity of the eigenvalue nj^^ (b) 

and {rjj : £0 j ^ ^0 + rh — 1} (£0 
eigenspace associated to /ij^(6), the 



and {rjj : £0 ^ j ^ £0 + m — 1} (£0 ^ kg ^ £0 + m — 1) is an i^(§^ ^)-orthonormal basis for the 



:i+m-l 



3=lo 

where 



ft- 



SN-2 



ds 



■qj{uj)dS{uj), 



for all R e (0, R) for some R>0, and {l3^^, /3j^^^, I3j^^ff^_^) 7^ (0, 0, . . . , 0). 

Proof. Since ip is a. solution of p52p . then, by Lemma [7.11 ip solves (|155p . By Lemma [7.21 
A{b) < 1 i.e. the function b satisfies the positivity condition required in Theorem ll.il Moreover by 
P57p . the function h S 0-^(3 s) for some 6 > small enough. Hence we may apply Theorem ll.il 
to the function 1/1 to conclude. □ 

8. POINTWISE ESTIMATES 

Let (T as in ((^(7)) and ipi € H^{E'^~^), ||'i/'i||L2(s«-i) — 1, be the first positive eigenfuntion of the 
eigenvalue problem Latp = ^i{a)ip in S^~^. The following lemma holds true. 



Lemma 8.1. If a satisfies S18\) and S19\) , then 

Ui(a) ^0, <7 ^ 0, and inf 4'i > 0. 

Proof. The fact that /ii(a) ^ follows easily by taking a constant function in the Rayleigh 
quotient minimized by /^i(a) (see ([24]) ). Moreover, there exists S > such that, letting 

|J{(0i,...,0Ar) eS^-i : \ej\<5})u( y {{e,,...,9N) eS""-' : \ej, - Oj,] < S} 



"•/>0 QJlJ2>0 
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there holds a{6) + /ii(a) > in S5. By classical elliptic regularity theory and maximum principles 
applied to the equation satisfied by ipi in S^~^ \ we have that mingN-i^^s/, V'l > and 

minoEs ipi > 0. Moreover, testing 

j -AsN-i(?/'i - minasi i'l) = (Mi(a) + a{9))ipi ^ 0, in E5, 
I ■01 - minoE^ -01 ^0 on SEs, 

with —("01 — mingss "01 )~ obtain that ipi ^ mings^ 0i in E^. □ 
Let us introduce the weight function 



(170) p{x) = |x|'"0i ( — ) for all xeW^\ S. 



X 



From Lemma [8. 11 under assumptions p8|) and ([T9)) . there holds 

(171) d d(diamrj,iV,a) supp^"^* G (0, +00). 

We notice that p e i/[^j.(]R^) and introduce the weighted space I?p'^(M^) as the completion of 
C^{R^) with respect to the norm 

(172) lkllx)i'^(E") — 

and, similarly, T>p''^{n) as the completion of C^{n) with respect to (|172p . 
Lemma 8.2. Cf'(M^ \ S) is dense in V^'^{R'^). 

Proof. By density of C^{R'^) in V^^'^{R^), it is enough to prove, for every J G Ak and 
(Ji, J2) G Bk, the density of C,°°(K^ \ {xj = 0}) and of C^{R^ \ {xj, = xjj) in C^{R^) with 
respect to the norm || • ||pi,2(RN). Let G C°°(0, 00) such that 0(t) = for all t G (0, 1) and 4>{t) = 1 
for all t G (2,00). If J G A and w G C^{R^), let w„(x) = (j){n\xj\)u{x) G C^°°(K^ \ {xj = 0}). 
Since 

Vu„(x) - Vit(a;) = Vw(a;) (0(n|a;j|) - l) + nu{x)(l)' {n\xj\)- — r, 

|xj| 

2 / 



lim / \Vu{x)\^U{n\xj\)-l) dx = 
by the Dominated Convergence Theorem, and 

f u\x)i^'in\xj\)fdx = n^-'' f u' (y,, . . . . . . ,yN){^' i\yj\)fdy ^ Oin'-'') 

as n — >■ +00, we conclude that m„ — ■« in 'D^'^{R^), thus proving the density of C^{R^\{xj = 0}) 
in C^(R^) and hence in V^^^(R^). The density of Cf'(R^ \ {xj^ = ccjj) can be proven in a 
similar way. □ 

Lemma 8.3. If a satisfy U8]} and U9]} . then 

(i) C^{R^ \ ii) is dense in V^'^iR^); 

(ii) V G Vl'^{R^) if and only if pv G V^'^{R'^); 
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(iii) for all V G V^^^iR'^) 
(173) / p2(^)|v„(x)|2dx= / (\Vipv)ix)\''dx-^^!^ipvf{x)]dx 



Proof. Wc first prove that (|173p holds for all v e Cj?°(R^ \ E). Indeed, by direct computation 
p solves 

"(rr) 

(174) - Ap{x) - p(x) ^ inR^\E. 

Let V G C;?°(M^ \ S) and put u = pv so that u e Cf^(R^) C V^''^{R'^). Then, testing P7I)) with 
pv''^ we obtain 

(175) / Vp{x)V{p{x)v^{x))dx - f ^^^^^^ p^{x)v^{x)dx = 0. 
Moreover 

(176) V/9V(/9u^) = w^lVpl^ + 2pwVpVw 
and 

(177) |Vup = w^lVpp + 2wpVpVi; + p^\Vv\^. 
By p75)) - pT7l) we then have 

(178) Qa{pv)^ I \Vu{x)\^dx- I ''-\^u'{x)dx 

a(rT) 

p\x)\\/v{x)\'dx+ I \/p{x)W{p{x)v^{x))dx- I -^p^{x)v^{x)dx 



R" FI 



p''{x)\yv{x)\^dx, for all v € C^iW \ E). 



u„ ^ It in pi'^j^M^). Letting = ^, we have that ?;„ G C;?°(M^ \ E) and, by ([778]) 



To prove (i), by density of C^(R^) in Vj,'^{R^), it is enough to prove the density of C^(R^ \ E) 
in C^{R^) with respect to the norm || • || j,i.2^jjj„^. Let v G C^{R^). It is easy to verify that 

u = pv £ P^'^(M^), hence, by Lemma [8T2l there exists a sequence {u„}„ C C^(R^ \ E) such that 

in 
P 

p^{x)\'\/v„{x) - VVyn{x)\^dx = Qa{Un ~ Um)- 

Therefore, since u„ is a Cauchy sequence in 2?^'^(R^) and, by (HH) and Lemma [^31 ((5a(u))^^^ is 
an equivalent norm in 2?^'^(R^), we conclude that w„ is a Cauchy sequence in I?p'^(R^) and hence 
converges to some v G I?p'^(R^). Since a.e. in R^, we deduce that v ~ v and then w„ — )• w 

in 2?p'^(M^). The proof of (i) is thereby complete. 

To prove (ii-iii), let v G 2?^'2(R^). By (i), there exists a sequence {«„}„ C C^{R^ \ E) such 
that v„~^v in I?i'2(]^JV-)_ Letting u„ = u„p G C;?°(R^ \ E), by (fT78)) we have that 

(179) f p'{x)\Vv^{x)\^dx= ( \Vu^{x)\^dx- f '^^ulix)dx 
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and \\vn — Wm||^i,2|.g„') ~ Qa{un — Um) ■ Therefore, since v„ is a Cauchy sequence in and 

(Qa(w))^/^ is an equivalent norm in ^'-'^'^(M''^), we infer that Un is a Cauchy sequence in 
and hence converges to some u in Since it„ = pvn — > pv a.e. in R^, we deduce that 

pv = u € V^-'^iM.^). Moreover, we can pass to the Umit in (|179p . thus obtaining (|173p and proving 
(iii). In a similar way, one can prove that if u £ 2?^'^(R^) then ^ G 2?p'^(M^), thus completing 
the proof of (ii) . □ 

Thanks to Lemma 12.31 (|19p. and the standard Sobolev inequality, the number 

Qa{u) 



S{a) ~ inf 



2/2* 



ueDi-^(M")\{o} (j^^ \u{x)rdxy 

is strictly positive and provides the best constant in the following weighted Sobolev inequality. 
Lemma 8.4. Let N ^ k ^ 3 and let a satisfy il8]) and U9]). Then 

2/2* 

(180) / p'^{x)\\/v{x)\^dx^ S{d)( I p^'{x)\v{x)f dx' 

for alive 2?i'2(M^). 

Proof. It follows from Lemma [8.31 and the change u = pv. □ 



We also define the weighted Sobolev space Hp{V,) as the completion of Vp{n) with respect to 
the norm 

I|i'llffi(f2) := (^J^p^{x)\Vv{x)\^ dx + j^^p''{xy{x)dx^ 
where Vp{fl) denotes the space of all functions v S C°°(0) n H^{il) such that 



{x e n : v{x) ^ 0} C17\S. 
For any q ^ 1, we also denote as L'^{p^ , fl) the weighted L'-space endowed with the norm 

\\u\\Li{p'^-\n) ■= J^^P^' {x)\u{x)\'^ dx^ . 

Lemma 8.5. Let N ^ k ^ 3, fl (Z be a bounded open set such that € fi, a satisfy 1118\) and 
(03), and h satisfy jHj. Let V e Ll^^{n \ E) such that 

non J,,p''{x)\V{x)\v^x)dx ^ 

(181) sup — 1— < +00, 

and V S Hp{n) f] L'^{p^ q > 2, be a weak solution to 

(182) - diy{p^{x)yv{x)) = {p^{x)h{x) + p^' {x)V{x))v{x). 
If 

(183) V+ e i^(/?2* , VL) for some s > N/2, 
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then for any O' ^ 51 such that G il', v e {p^ , Q') and 

20 d 4(q-2)d 



(184) Ikll^i;^^^,.^^,^ s^5(a)-'||t'||L.(p-,f^)( 



c{q) idist{n', an) f {dist{n',dii))^ c{q) 



where C{q) :~ min ^^}, ^ is as in \171^ , and 
(185) =max|(^ ^^^^ ' 

2(2-e) 



(l-A(a))- 

Proof. Let w e I?^'2(ri). Then by Lemma [5^ we have 



(max{16, q + 4|) 



(186) / {x)V+{x)\w{x)\^ dx 

J P^' ix)\wix)\^ dx + J p^'-'^{x)V+{x)p'^{x)\wix)\'^ dx 



J p''\x)\wix)\''dx+i^j p''\x)\wix)fdxj j p''' {x)V+' (x) dx 



J^p^'ix)\w{x)fdx+^(^J^p^{x)\Vwix)\^dxj(^ J p''' {x)v"^x) dx 
Next, Holder inequahty and the definition of £q yield 

(187) J p^'{x)V^{x)dx ^ {^J p^'{x)V^{x)dxy J p^'{x)dx 



^ [ / p^'{x)v^{x)dxy [ I ] p''ix)dx 



v+(x)^e. 



2s-N 



mm 



S{a) Sjci) 
~l6~' q + A 

Inserting (fW)) into pSS)) we obtain for any w G 'Dl-'^{il) 



(188) / p^' {x)V+{x)\w{x)\^ dx 



n 



i^lg J^^p^'{x)\w{x)\^dx + ^mml^^,-^'^ J^^p^{x)\yw{x)\^dx. 
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On the Other hand, letting Sg = (c,,d(^)(l + (\'')))^^^^ i'^^^^"''' , from ®, ®, (US), 



(|173p . and (|17ip . for every w e I?p'^(r2) we can estimate 
(189) / p^{x)\h{x)\\w{x)\^ dx 



+^^'^'4J2[ p^'{x)w\x)dx+ I p^'i^Wi 



r 1 



+ <S-2+"d y" p'^'{x)w'^{x)dx^ 



^Iq I p^'{x)\w{x)\^dx + lrRm\l,^-'> I p'{x)\\7w{x)\''dx. 



g + 4 

Summing up (|188p and (|189p . we obtain 

(190) / {p'''\x)V+ix) + \h{x)\p^ix))\wix)\Ux 



^ 2£q I p^' {x)\w{x)\^ (ia- + min-|-, [ I p'^{x)\\/w{x)\'''dx 



for all w S I?p'^(ri). As in [171 [20] we define := min{n, e Hp{n) and we introduce a cut-off 
function rj £ C^{fl) satisfying 

2 



?/ = 1 in f7' and IV77I — 



dist(l)', 917) ■ 

Testing with if{v''Y-'^v e 2?p'^(f7) we obtain 



(g-2) / p'{x)Ti^{x){v-{x)Y~^X{y^n:Hy)\<n){x)Mv\{x)\^dx 



+ / p^ix)f]^{x){v'\x)y-''\Vv{x)\''dx 
Jn 



(p^ {x)Vix) + p^{x)h{x))Ti^ix)\v{x)\^{v''{x)y-^ dx 

-2 [ p^{x)r]{x){v^'{x)y-^v{x)\/v{x) ■ \/ri{x)dx 
Jn 

^ I ip^' ix)V+{x) + p^{x)\h{x)\W{x)\v{x)\^{v''{x)y'Ux 



n 



+ 2 / p\x)\Vr]{x)mv'\x)y-^\vix)\^dx+l f p\x)r^\x){v''ix)y-^\\/v{x)\^ dx 
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and hence 

(191) {q~2) f p2(a;)^2^a;)(^;"(2;))9-2|vz;"(a;)|2dx + i f p^x)r,^{x)iv''ix)y-^\Vv{x)\^ dx 

^ / {p''{x)V+{x)+p'{x)\h{x)\)v^xMx)\^v^x)r-Ux 

+ 2 f p\x)\VT]ix)mv''{x)y-^\v{x)\^ dx. 
By direct computation we also have 



V ((«") 
+ 2i 

and hence by (|19ip we obtain 



rjv 



2 ^ (i+4)(^(^„^,_,^^,|^^,„|. 







2 

dx 









(p2'(x)K,(x)+p^(x)|Ma:)|)^^(a;)|i;(x)pK(.T))''-2dx 



+ 2(C(g) + l) / p^(x)K(x)r2|«(x)|^|VrKx)|^dx- + C(g) 



9-2 



/92(x)(w"(x))«|V7?(x)pdx. 



Applying estimate ()190p to the function w — r/(u")''2 by ()192p we have 



^(x)|v(k)^ 



77U 



"l'-r.^^9-2| 



+ 2(C(g) + l) / p'{x){v"{x)r-Mx)\-'\Wv{xrdx + C{q) 



q-2 



p\x){v"ix)y\\/r]{x)\'^dx. 



and this with Lemma [HH] and (jl7ip implies 



p^'{x)\v"{x)f^\v{x)fTJ^'{x)dx ] < 



Ciq)Sid) A, 



p2 (a;)772(2;)(z;"(x))?-2|t;(a;)pdx 
(g-2)d 



The proof of the lemma then follows letting n — > +00 



Sia) 



p' {x){v''{x)y\Vr,{x)\Ux. 



□ 



Theorem 8.6. Let N ^ k ^ 3, Q (Z be a bounded open set such that € il, a satisfy 118\) and 
(Olj, h as m JHI, and V € Ll^{n \ S) verify (ZHP- 

i) // V+ G L^{p'^ , i^) for some s > N/2, then for any ft' ft there exists a positive constant 
Coo = Coo{N, k, a, h, \\V+\\l.(p^' ,o) , dist(r!', 91]), diam(r!)) 

depending only on A'^, fc, a, ft,, ||T^+||^s(p2* q), dist(r2', 9fi) and diam(51), such that for every 
solution u e H^iVl) of 

"(ft) 

(193) - Aw(x) - —^u{x) = {h{x) + p^ -^{x)V{x))u{x) in fl, 



SCHRODINGER EQUATIONS WITH MANY-PARTICLE AND CYLINDRICAL POTENTIALS 



57 



there holds p E L°°{Vt') and 

||P^^lt||L-(J2') S% C'oo||lt||L2-(n)- 

ii) // V+ G l'^{p^ , 57), then for any 17' d il and for any s ^ 1 t/iere exists a positive constant 

Cs ^ CsiN, fc, a, h, V, s, dist(rj', 957), diani(r2)) 

depending only on N, fc, a, /i, V, s, dist(r2', dft), diani(i7), such that every solution u G H^{VL) 
to (|193p satisfies p^^u € ^''(/ci^* ^ 17') and 

||p"^-u||i.(p2-^n,) Cs|lit||i2-(o). 

Proof. Let u e iJ^(57) be a weak solution of (|193p . O' (s O, and i? > such that 

57' (E 57' + B(0,2i?) <E rj. 

We claim that the function v{x) := p~^(a;)M(x) belongs to i?p(57' + B{0,2R)). Indeed, arguing 
as in Lemma 18.21 we can prove that V'p(57) is dense in i?^(r2), hence there exists a sequence 
{M„}„gN C Vp{Q) such that u„ — >■ m in H^{n). If G (7^(0) is a cut-off function such that r] = 1 
in n' + 5(0, 2R), from ((T73l) it follows that 

V(?7(a;)(w„(a;) - u,„(x)))|^da; - / — ^?/^(x)(u„(a;) - ^^(a:))^ da; 

p'^{x)\W{ri{x)p^'^{x){un{x) - Ujn{x)))\'^dx. 

This shows that {p^^u„} is a Cauchy sequence in Hp{il' + B{0,2R)) which then converges to 
v{x) = p-^{x)u{x). In particular v € -ffp(57' + 5(0, 2i?)). 

By direct computation one also sees that i; is a weak solution of (jl82p . By Lemma lSTSl proceeding 
exactly as in the proofs of [ITl Theorem 9.3] and [20l Theorem 1.2], we arrive to the conclusion. 

□ 

Remark 8.7. The statement of Theorem 9.4 in our previous paper [T^ should be corrected as in 
the statement of Theorem 11.21 The missing point in Theorem 9.4. as it was stated in [iTj relies 
in the fact that the constant Coo such that || |x|^'^u||loo(j7/) ^ C'cxj|lu|lL2'(f2) depends on u, more 
precisely on the distribution function of f{x, u)/u. 

In a similar way, the statements of Theorems 9.3 and 10.4 should be corrected as in Theorem 
18.61 above, i.e. the constant Cs (respectively Cs,2) appearing in the statement (ii) of Theorem 9.3 
(respectively 10.4) depends on {^{V))+ (more precisely on its distribution function) and not only 
on its L^/'^[p'^ ,57)-norm (respectively L'*(p'', 57)-norm) as incorrectly stated in [T7] . 

Anyway, the proofs of Theorems 9.3 and 9.4 contained in [T7] are correct and lead to analogous 
conclusion as those stated in Theorems 11.21 and 18.61 of the present paper. Moreover all the proofs 
and statements in the rest of the paper [17] are not affected by these corrections. 



Proof of Theorem 11.21 Let us define 
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where aj = max{— aj,0} and cxj-^j^ = maxj— ajj^jj , 0}. By (|F| and the Sobolev embedding 
H'^{n) C L'^'ifl), we have that V+ e L^l'^{p^\n) and u weakly solves 

airi) 

-Aii(a-) - -^-uix) = ihix) + -'^(x)V{x))u{x) in n. 

\xY 

From part ii) of Theorem 18.61 it follows that p^^u G L'^{p^ , for any O' d and for any s ^ 1. 
By ([F]) we deduce that G L''{p^' , 17') for all s ;^ and in particular for some s > N/2. The 
proof of the theorem follows now by part i) of Theorem 18.61 □ 



Appendix 

To prove Theorem 13.31 we used, for the approximating problems, a Pohozacv-type identity (see 
dSni)), whose proof is quite classical (see e.g. [351111]) and requires just few adaptations due to the 
presence of a singularity. For the sake of completeness we give below a proof. 

Proposition A.l. Let D, C , N ^ 3, be a bounded open set such that G fi. Let be L°°(§^~i), 
h G L°°{Q,), and let f satisfy (IF|. Denote by v = v{x) the unit outer normal vector v(x) ~ If 
u is a H^{fl)-weak solution to Ctu = h{x)u + f{x,u) in Q, and ro > is such that Brg C fi, then 
for a.e. re (0, ro) 



(194) - 



N -2 



\yu{x)\' ^ -;^u^{x) 



dx+- 



H-ri) 

|Vu(x-)P - -i^u'ix) 



du 
dv 



dS 



h{x)u{x) [x • Vu(x))) dx 



dS 



+ r / F{x,u{x))dS- 



^xF{x, u{x)) ■ X + NF{x, u{x))] dx . 



Proof. By classical Brezis-Kato [8] estimates, bootstrap, and elliptic regularity theory, (|F]) and 
the boundedness of the coefficients b,h imply that u € if[Qp(f2 \ {0}) n C^^'^{^ \ {0}) for any 
a £ (0, 1). Therefore by (|F]) and Hardy inequality, we have 



\Vu{x)? + ^^ 



OBs 



(x) 



+ \F{x,u{x))\j dS 
du 



|Vu(.)P + ^ 



di 



ds 



(x) 



+ \F{x,u{x))\ dx < +00 



and hence there exists a decreasing sequence {(5„} C (0,r) such that lim„^+oo (^n = and 



(195) 



dBs 



\Vu{x) 



du 



(x) 



+ \F{x,u{x))\ dS 



as n 
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Multiplying equation CbU = h(x) u + f{x, u) by x ■ Vu{x) and integrating over Br \ Bs,^, it follows 
that 



(196) 



Vu{x) ■ V{x ■ Vu{x)) dx — 



Br\Bs„ 





du 


1 

'dBr 




/ 

JBr\Bs„ 



dS — Sn 



u(x)(x ■ Vuix)) dx 

\Bs„ 

2 

dS 



du 
dv 



'dBf,„ 

f{x, u{x)){x ■ Vit(a;)) dx . 
Standard integration by parts shows that 



Br\Bs^ 



h{x)u{x){x ■ Vu{x)) dx 



(197) 



Br\Bs„ 



Wu{x) ■ V(.T • Wu{x))dx 



N-2 



|Vu(x)pda;- 



|Vu(x)pd5-^ 



a5„ 



\Vu{x)\'^dS. 



Passing in radial coordinates r = \x\, ^' = jfy and observing that dru{r, 9) = \/u{r9) ■ 9, we obtain 



-u{x){x ■ Vw(x)) dx 



Br\Bs„ 



{N-2) f s^-\\s9)ds 



b{e)[ / s'^-^u{s9)dsu{s9)ds] dS{e) 



M~2 



u{s9)dsu{s9) ds]dS{9) 



as, F 



— -^u^ (x) dS — 5„ 



dBs„ 



u'^{x) dS 



{N-2) 



Br\Bs„ 



b{^) 

— (a;) dx - 



b{j^) 

— —^u{x) {x ■ V'«(.t)) dx , 



which yields 



(198) 



'u{x) {x ■ Vu(a:)) dx 



N-2 



Br\Bs,^ 



Kin) r 

^ \x\ '' ? / \ 7 , ' 

-l-^u\x)dx + - 



JdB^ FI ^ Jdl 



2 7as. \x? 



2 v?'{x)dS. 



By © and the fact that u G Cl^'^{n \ {0}) wc obtain 



(199) r / F{x,u{x))dS - 5n 

J dBr 



F{x, u{x)) dS 



dBs 



Br\Bs„ 



div(_F(a;, u{x))x) dx 



Br\Bs„ 



[\/xF{x, u{x)) ■ X + NF{x, u{x))] dx + 



Br\Bs 



f{x, u{x)){y u{x) ■ x) dx 



Letting n +00, pM)) follows by ([TOSVfTOgi) . 



□ 
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